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0. INTRODUCTION 
0.1. Classfication of’ Locally Transitive Actions on Flag Man@is: The 
Statement qf the Problem 
Imbedding a homogeneous space into another as a homogeneous 
domain is an important tool in the theory of homogeneous spaces. For 
instance, the Poincare model of hyperbolic space is a homogeneous domain 
in conformal space, and the Klein model of hyperbolic space is a 
homogeneous domain in projective space. There are also models of all sym- 
metric bounded complex domains in their Cartan dual compact Hermitian 
symmetric spaces (see, for instance, [20,42]). In the most interesting cases 
the ambient space is a flag manifold, i.e., the coset space of a semisimple 
Lie group by a parabolic subgroup. 
DEFINITION. Let 55’ be a transitive Lie group of transformations of a 
manifold M. A domain D c M is called di”-homogeneous if there is a sub- 
group of 9’ which leaves D invariant and acts transitively on D. 
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If G is a Lie group of transformations of a manifold M then the Lie 
algebra g of the group G may be viewed as the Lie algebra of vector fields 
on M. In such case we will say that we have an action of the group G (and 
of the Lie algebra g) on M. 
DEFINITION. An action of G and g on M is called locally transitive at a 
point m E M if dim g(m) = dim M. The set 
f,(G) = f,(g) = I mEMIdimg(m)<dimM) 
is called the intransitivity set of G (and of g) on the manifold M. An action 
of G (and of g) on M is,called locally transitive if r,(g) # M. An action of 
g on M is called transitive if T,,,,(g) = a. (It is easy to see that g is transitive 
on M if and only if the group G acts transitively on each connected com- 
ponent of M.) 
Remark 0.1. The definition above immediately implies that 
f,(G) = f-,(G,). 
(Here and elsewhere Z, denotes the connected component of the identity of 
a group Z.) 
In 1968, E. B. Vinberg posed the problem of classification of 
homogeneous domains on flag manifolds. This problem can be formulated 
as follows. Let L be a semisimple Lie group and let P be a parabolic’ sub- 
group of L. 
PROBLEM A. Find all subgroups G c L which act locally transitively on 
the flag manifold Q = L/P. 
PROBLEM B. Find the open orbits of such subgroups in Q, i.e., the 
L-homogeneous domains in Q. 
Remark 0.2. It is easy to see that the following three conditions are 
equivalent: 
(a) G acts locally transitively on L/P, 
(b) P acts locally transitively on L/G, 
(c) for some 1~ L, we have the decomposition 
I = g + Ad I(p) (0.1) 
’ A subgroup of a connected semisimple complex Lie group L is called parabolic if it con- 
tains a Bore1 (i.e., a maximal connected solvable) subgroup of L; an algebraic subgroup of a 
semisimple real algebraic Lie group L is called parabolic if its complexilication is a parabolic 
subgroup in the complexification of L. 
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(here and elsewhere lowercase German letters denote the Lie algebras of 
the groups denoted by the corresponding Latin capital letters). Therefore 
solving Problem A in the class of connected subgroups G c L is equivalent 
to finding all subalgebras CJ c I such that (0.1) holds for some 1 E L. 
Remark 0.3. If a subgroup G c L acts locally transitively on Q, then 
every connected component of the set Q\r,(G) is an L-homogeneous 
domain in Q. Conversely, every L-homogeneous domain D c Q is a con- 
nected component of the set Q\r,(L,), where 
L,,= {IEL 1 lD=D)<,. 
Therefore to solve Problem B it suffices to find the intransitivity sets on Q 
of all connected subgroups of L. 
0.2. A Brief‘ Survey qf Results Describing Locally Transitive Actions on Flag 
Manifolds 
Many important results in the theory of Lie groups and homogeneous 
spaces may be interpreted as partial results in solving Problems A and B 
stated above, obtained under one or another set of assumptions on the 
groups L, P, and G, or on the open orbits of the group G in L/P. Let us list 
the main of these results. 
1. If a subgroup G c L acts transitively on LIP, then we have the 
decomposition L = G. P. A. L. Onishchik [43] found all such decom- 
positions under the condition that L is simple, the subgroups G and P are 
maximal in L, and P is parabolic. He showed [45] that the decomposition 
L = G. P with parabolic P implies that the group G is reductive. 
A. L. Onishchik [44] and later I. L. Kantor [24, Appendix] found all 
decompositions of the form L = G. P in the case when L and G are 
semisimple complex Lie groups and P is a parabolic subgroup of L. In the 
real case a similar problem was solved in [12]. 
2. The works [52] and [64] find a necessary condition for a closed 
subgroup G c L to act locally transitively on LIP in the case when P is a 
Bore1 subgroup of a semisimple algebraic group L defined over an 
algebraically closed field of characteristic zero. The condition is the 
following: 
(*) the representation of the group L in the space of regular functions on 
L/G is multiplicity free. Equivalently (by Frobenius duality), the space of 
G-invariant vectors in every irreducible L-module is at most one-dimen- 
sional. 
The work [61] (see also Theorem 3.1 below) proves that this condition 
is sufficient in the case when G has no nontrivial rational characters. The 
paper also obtains a generalization of these results to the case when the 
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group G has nontrivial rational characters, and P is an arbitrary parabolic 
subgroup of L. 
3. A reductive subgroup G c L which satisfies the condition (*) is called 
spherical. It is well known (E. Cartan [ 111) that a subgroup G c L which 
coincides with the fixed point set of an involutive automorphism of L, is 
spherical. All spherical complex subgroups of simple complex Lie groups 
were found by M. Kramer (see [61]). In view of Theorem 3.1 mentioned 
above, every spherical subgroup G c L acts locally transitively on every 
flag manifold of L. 
4. Parabolic subgroups are another important class of subgroups of a 
semisimple group L which act locally transitively on every flag manifold of 
L. This easily follows from the finiteness of the Bruhat decomposition of L 
and from Theorem 3.1 of this paper (see Corollary 3.1 below). 
5. Let L be a semisimple complex Lie group, G a real form of L, and let 
P be a parabolic subgroup of L. K. Aomoto [4] and J. A. Wolf [65] prove 
that in this case G has only finitely many orbits in L/P and therefore acts 
locally transitively on L/P. 
6. An important class of flag manifolds consists of Nagano spaces. 
These are flag manifolds L/P together with the structure of a symmetric 
Riemannian space, such that the connected component of the identity of 
the full group of isometries coincides with the maximal connected compact 
subgroup of L. All such spaces were found by T. Nagano [42]. They 
include the classical compact groups, compact Hermitian symmetric spaces, 
Grassmannian manifolds, quadrics, etc. Let G’ c L be the full group of 
isometries of a Nagano space D’ = L/P, and let G be the dual group of G’. 
Then G may be imbedded in L so that G has an open orbit D in D’, and 
the action of G on D is equivalent to its action on the symmetric space dual 
to D’ (see [42, 261). 
In the case when D’ is the n-dimensional sphere, and D is the n-dimen- 
sional hyperbolic space, the above imbedding D + D’ coincides with the 
classical realization of hyperbolic space as a hemisphere of the sphere D’ 
(the conformal model). In the case when D’ is a compact Hermitian sym- 
metric space, similar constructions are known as well (see, for instance, 
120, Chap. VIII, Theorem 7.131). 
Many Nagano spaces are Jordan spaces in the sense that they can be 
obtained from semisimple Jordan algebras by I. L. Kantor’s construction 
[25]. The work of A. A. Rivils [47] is devoted to finding transformation 
groups G c L of the Jordan space L/P which have open symmetric orbits. 
(An orbit D of a group G is called symmetric if it has a G-invariant afline 
connection which is symmetric, and such that sGs= G, where s is a 
geodesic symmetry of the domain D.) A. A. Rivilis reduced the problem of 
finding such domains to a purely algebraic problem of describing all linear 
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self-mappings of the corresponding Jordan algebra which satisfy certain 
conditions given in [47]. In the case when L/P is a nondegenerate real 
quadric, this problem was solved in [48]. B. 0. Makarevich [39] used 
Rivilis’s reduction to find all reductive subgroups G c L which have open 
symmetric orbits in an arbitrary Nagano space L/P. 
7. Complex and real projective space are the simplest flag manifolds of 
the groups SL(n, C) and SL(n, R), respectively. From the point of view of 
Problem A, the main interest here lies primarily in finding linear groups 
which act locally transitively in the space of the representation, and also in 
the corresponding projective space. All such simple complex linear groups 
were found by E. B. Vinberg [SS]. Subsequently, A. G. Elashvili [ 16, 173 
found a procedure which allows one to determine whether a given linear 
irreducible complex Lie group acts locally transitively in the space of the 
representation and in the corresponding projective space. A description of 
all irreducible linear complex Lie groups which act locally transitively in 
the projective space associated with the space of the representation was 
obtained by Sato and Kimura [Sl 1. E. B. Vinberg [57, 591 developed a 
theory of linear groups in real vector space which possess an orbit which is 
a strictly convex cone. Such cones are closely related to projectively 
homogeneous bounded domains a real and complex (see [60]) afline 
spaces. 
8. Nondegenerate quadrics. The simplest flag manifolds of the 
orthogonal groups are the quadrics. Let V be a finite-dimensional vector 
space over a field @, together with a nondegenerate symmetric bilinear 
form ( , ), and let O(V) be the orthogonal group of the form ( , ). The 
group O(V) acts transtively on the set of nonzero isotropic vectors, and 
therefore on its projectivization Q, which is a flag manifold of the group 
0( V) and is called a quadric. In works [32, 341 (see also Section 2 of this 
paper) the author found all connected reductive complex (respectively, 
real) subgroups of O(V) which act locally transitively on Q,, as well as 
their open orbits in Q, in the case when Q is the field of complex (respec- 
tively, real) numbers. All connected subgroups G c O(V) which have open 
symmetric orbits in Q, were found in [48] (here @ is the field of real num- 
bers). In the case when @ is the field of real numbers and the Witt index of 
the form ( , ) equals 1, Problems A and B were completely solved in [40] 
and [ 3 11, respectively. 
9. The latter result can be generalized in two directions. The first direc- 
tion is to solve Problems A and B for all flag manifolds of real semisimple 
Lie groups of real rank 1. This was done by the author [ 301 (see also Sec- 
tion 1 of this paper). 
10. The second direction is to study locally transitive actions of sub- 
groups of various orthogonal groups on the corresponding quadrics, and 
HOMOGENEOUS DOMAINS ON FLAG MANIFOLDS 511 
more generally, or arbitrary flag manifolds of the orthogonal groups. This 
is our task in Section 2 of this paper. 
0.3. The Main Results of the Paper 
Section 7 solves Problems A and B for flag manifolds of semisimple real 
Lie groups L of rank 1 (we refer to such manifolds as flag manifolds of 
rank l), i.e., L = SO( 1, n), SU( 1, n), Sp( 1, n), or F4(-2,,j. In particular, 
when L = SO( 1, n) we solve Problems A and B for the conformal sphere, or 
equivalently, for the real quadric of index 1. When L = SO( 1, n), the 
solution of Problem A is due to F. M. Malyshev [40], and that of 
Problem B, to the author [31]. The results obtained are applied (Theorem 
1.3) to the classification of locally conformally flat Riemannian manifolds 
which admit a transitive group of conformal transformations. 
Section 2 considers flag manifolds of complex and real orthogonal 
groups. 
The main part of Section 2 (2.1-2.4) is devoted to the classification of 
connected reductive complex subgroups of the complex orthogonal group 
L which act locally transitively on flag manifolds Qk = L/P, where Pk is a 
maximal parabolic subgroup of L corresponding to the k th simple root. 
We give a complete list of such subgroups G c L under the condition that 
the restriction of the simplest representation of the group L to G has no 
nondegenerate invariant proper subspaces (Theorems 2.1 and 2.2). In the 
general case we describe an algorithm (Theorem 2.3) for obtaining a com- 
plete classification by induction on k. This work obtains a complete 
classification for k = 1 (Theorem 2.4) and k = 2 (in this case the 
classification is contained in Theorems 2.5 and 2.6). Furthermore, when 
k= 1 we find the intransitivity sets of reductive complex subgroups of the 
group L which are locally transitive on the complex quadric Q *. Finally, 
Theorem 2.7 gives a complete list of all connected complex subgroups of 
the group L (a priori not necessarily reductive) which act transitively on 
the flag manifolds Q,. 
We find in Section 2.5 all connected reductive subgroups of real pseudo- 
orthogonal groups which act locally transitively on the corresponding 
quad&, as well as their intransitively sets on these quadrics. In other 
words, we list all “real forms” of homogeneous domains on complex 
quadrics’ found in the preceding sections (Theorems 2.1, 2.2., and 2.4). 
Section 3 establishes the connection between Problem A and represen- 
tation theory. Let L be a connected semisimple complex Lie group. Let P 
be a parabolic subgroup of L, and G a Zariski closed subgroup of L. We 
prove (Theorem 3.1) that G is locally transitive on L/P if and only if, in the 
space of every representation of the group L from the class of the so-called 
z See Theorem 2.X for the precise statement 
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P-representations, the dimension of every weight subspace of the group G 
is at most 1. (An irreducible finite-dimensional representation of the group 
L is called a P-representation if the group P preserves some straight line in 
the space of the representation. Every irreducible finite-dimensional 
representation of the group L is a B-representation where B is a Bore1 sub- 
group of the group L.) 
By Frobenius duality the condition above is equivalent to the condition 
that the multiplicity of every P-representation of the group L be at most 1 
in the representation T, of the group L in the space of regular sections of 
every one-dimensional algebraic vector bundle < over L/G. (According to 
[35, Sect. 13.41 and [46, Sects. 2.2 and 2.31, every representation T; is 
equivalent to a representation of the group L induced from some one- 
dimensional representation x of the group G, and the correspondence < H l 
is bijective.) 
We also include here Theorem 3.2, which asserts that given a regular 
action of a semisimple complex Lie group L on an irreducible affrne com- 
plex algebraic variety X, the Bore1 subgroup of the group L is locally 
transitive on X if and only if the spectrum of the representation of the 
group L in C[X] is simple. 
0.4. Some Applicutions of‘ the Results Obtained 
1. A domain ZI in a homogeneous space of the group L is called 
quasihomogeneous if there is a compact subset Fc D and a subgroup 
G c L such that D = G. F. It is well known (see [63], [54]) that projective 
space has quasihomogeneous domains which are not homogeneous (here L 
is the group of projective transformations). On the other hand, the con- 
nected components of the region of discontinuity of a quasi-Fuchsian (but 
not Fuchsian) group, as well as a Schottke group, are examples of 
quasihomogeneous but not homogeneous domains on the Riemann sphere 
(here L is the group of conformal transformations). The author [33] con- 
structed examples of quasihomogeneous domains in the n-dimensional 
sphere (n 3 2) which are not homogeneous (here L is the group of confor- 
ma1 transformations). The proof of the fact that these domains are not 
homogeneous depends on the classification of homogeneous domains on 
the conformal sphere obtained in [31] (see also Proposition 1.3 of this 
paper 1. 
2. F. M. Malyshev [40] used the classification of homogeneous 
domains on the conformal sphere [ 311 to classify all the decompositions of 
the Lie algebra so( 1, n) into the sum of two subalgebras. 
3. The classification of conformally homogeneous domains on the 
sphere (see 1311 or Proposition 1.3 of this paper) combined with the 
results of D. V. Alekseevskii [2] allow one to obtain the classification up to 
conformal diffeomorphisms of all connected locally conformally flat 
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Riemannian manifolds M which admit a transitive group of conformal 
transformations. In the present paper, this classification appears only in the 
case when A4 is simply connected (Theorem 1.3). In the general case the 
classification is obtained in [3]. Moreover, it is proved in [3] that this 
classification coincides with the classification up to homothety of all con- 
nected locally conformally flat Riemannian manifolds which admit a transi- 
tive group of isometries. 
4. The classification of conformally homogeneous domains in Euclidean 
space which the author obtained in [31] (see also the corollary to Lemma 
1.5) was applied to the classification of a certain class of symmetric pseudo- 
Riemannian spaces (see [5]). 
5. We note that Theorems 3.1 and 3.2 may be employed to study 
locally transitive actions of parabolic subgroups of semisimple algebraic 
groups (Corollary 3.4). 
0.5. Sonw Notationul Conventions und Genrrul Fucts about Locull~~ Trunsi- 
tiw Actions 
The following notation will be used throughout with no further com- 
ments: 
C, H, and 0 are respectively the algebras of the complex numbers, the 
quaternions, and the Cayley numbers over the field R of real numbers; 
@* is the multiplicative group of a field @; 
@“’ is the m-dimensional vector space over the field @; 
i is the direct sum of vector spaces and representations; 
@ is the direct sum of Lie algebras; 
the formula t) = B + U,, means that the algebraic Lie algebra 1) is the 
semidirect sum of its m-dimensional nilradical I/,,, and its reductive sub- 
algebra s; 
A,, - E,,, F4, G2 are the standard notation for the simple complex Lie 
algebras and their connected simply connected groups; 
rnA , is the direct sum of m copies of the Lie algebra A, ; 
T,,, is the commutative algebraic reductive m-dimensional Lie algebra 
(the Lie algebra of the m-dimensional torus); 
for simple real Lie groups and algebras we use the same notation as 
the book [20]. 
An irreducible representation of a Lie group or Lie algebra always 
means a finite-dimensional irreducible representation; 
R(q) is the irreducible representation of a simple complex Lie algebra 
with highest weight cp; 
514 BORIS KIMELFELD 
(pi is the highest weight of the ith fundamental representation of a sim- 
ple complex Lie algebra (the indexing of simple roots is the same as in 
C62,531); 
the simplest representation of a classical complex Lie algebra is by 
definition its identity3 representation; the simplest representation of an 
exceptional simple complex Lie algebra is by definition its nontrivial 
representation of the least dimension; 
E is the faithful one-dimensional complex representation of the Lie 
algebra T, ; 
a”’ is the mth tensor power of the representation E; 
my is the trivial m-dimensional complex representation of any complex 
Lie algebra; 
p* is the representation contragredient to the representation p; 
W* is the space of linear forms on a complex or real vector space W; 
Gr,( W) is the Grassmannian manifold of k-dimensional subspaces in 
W; 
Pr( W) = Gr,( W) is the projective space associated with W; 
pr: W\ (0) + Pr W is the natural projection. 
Suppose a vector space W possesses a bilinear symmetric form and let 
W, c W be a linear subspace. Then 
O(W) (respectively, SO(W)) is the orthogonal (respectively, the 
special orthogonal) group of the space W; 
K,,,, is the set of isotropic vectors in W,; 
W: is the orthogonal complement to W, in W; 
Qk( W,) is the manifold of k-dimensional totally isotropic subspaces in 
W, (in particular, 
Q,(W,)=pr(Kw,\,iO)) 
is the quadric associated with the space W,); 
the set A’ of endomorphisms of the space W is called weakly reducible’ 
3 In view of the existence of isomorphisms among simple complex Lie algebras or low 
dimensions, we specify the dimension of the simplest representation for these Lie algebras: 
Lie algebra Dimension 
/4,=51(2)25p(2) 2 
B, = so(3) 3 
c-2 = v(4) 4 
BZ = eo(5) 5 
A, = d(4) 4 
D3 = SO(~) 6 
4 V. V. Astrahancev [S] calls such sets “weakly irreducible.” 
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if it is reducible, but every ,&-invariant proper subspace of W is isotropic; 
the set .A&’ is called strongly reducible if it preserves a nonisotropic proper 
subspace of the space W. 
The sclar operator in the m-dimensional complex or real vector space 
and the scalar matrix of size m corresponding to the eigenvalue L are 
denoted by Al = A,, or simply 2; 
Tr A is the trace of a linear operator or matrix A; 
‘A is the transpose matrix of A. 
Lie groups are denoted by capital Latin letters, and their connected com- 
ponent of the identity by the same letter with the subscript e. The 
corresponding Lie algebras are denoted by the corresponding lowercase 
German letters. 
We will say that the action of a Lie algebra 9 (respectively, a Lie group 
G) on a manifold A4 has a point in general position, and that a subalgebra 
b c R (resp. subgroup H c G) is a stationary subalgebra (resp. subgroup) in 
general position for this action, if M has an open everywhere dense subset 
such that the stationary subalgebra in g (resp. subgroup in G) of every 
point from this subset is conjugate under the group of inner 
automorphisms of the Lie algebra g (resp. conjugate in G) to the sub- 
algebra h (resp. subgroup H). 
If M is a complex algebraic variety, then C(M) and C[M] denote 
respectively the field of rational functions and the algebra of regular 
functions on M. 
PROPOSITION 0.1. Suppose M‘e urc given uctions of u Lie group G on 
tnan@l~~ M, und M,, us wjell as a G-eyuicariunt continuous open swjectice 
mup $1 M, -+ M,. Then the uction qf the group G on M, is locull~~ transitive 
if‘ and on!,, if there exists u point s E A4, .such thut the ,fbllowing two con- 
ditions ure sutisfied: 
(i) the action of the group G on M, is loc~ull~~ trunsitive at the point s; 
(ii) the stationary subgroup qf the point .Y E M2 in G ucts locull~ 
trunsitivel~~ on the ,fibre +!I ’ (x). 
The proof is obvious. 
PROPOSITION 0.2. Let 9 he an algebraic group qf trunsjormutions of u 
reul algebraic variety M, and let G he a Lie subgroup of 9. Then the set 
T,(G) coinde.s M*ith the intrunsitivity set on M of some algebraic subgroup 
of the group 9. 
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Proof: We may assume that the group G acts locally transitively on M, 
since in the contrary case the proposition is trivial. The definition of the set 
L,(G) = f,(c~) 
easily implies that this set is Zariski closed in M. Therefore the group 
G = {IE 9 1 f(f,$,(G)) c f,(G)) 
is an algebraic subgroup of L. Note that we obviously have 
T,(G) c r,(G). On the other hand, the obvious inclusion G c c implies 
that f ,,,J G) 3 f,,,,(c). Therefore r,(G) = f ,J c), as required. 
PROPOSITION 0.3. Let L he u connected semisimple complex Lie group, 
and let B be its Bore1 subgroup. Then a subgroup G c L is locally transitive 
on L/B if and only if the group G ucts locall~~ transitively on every flag 
muntfold L/P qf the group L. 
Proof The condition is obviously sufficient. Since Bore1 subgroups of L 
are all conjugate, we may assume that P ZJ B. The “only if” part follows 
from Proposition 0.1 applied to the natural projection $: L/B + L/P. 
1. HOMOGENEOUS DOMAINS ON FLAG MANIFOLDS OF RANK 1 
This chapter is devoted mainly to solving Problem A (see Section 1 .l ) 
and Problem B (see Section 1.2) in the case when L is the group of 
isometries of a noncompact symmetric Riemannian space M of rank I. 
Throughout this chapter we adopt the following notation: 
M is the n-dimensional5 hyperbolic space H”(F) over the real algebra 
F=R, C, H, or 0, where if F= 0 then n=2; 
L = SO( 1, n), SU( 1, n), Sp( 1, n), or F4, z,II, respectively; 
K is a maximal compact subgroup of L. 
Let I = f i m be a Cartan decomposition of the Lie algebra 1. The space 
m is naturally identified with the tangent space to A4 at a point 0 E M fixed 
by the group K. Denote by Exp: nt + M the exponential mapping of the 
Riemannian manifold M, and by exp: 1 + L the exponential mapping of the 
group L. 
1.1. Solution qf Problem A 
1.1. Let us recall the construction of the Karpelevich compac- 
tification of the space M, as well as its main properties (see [6, 271). Two 
’ This refers to the dimension over F: dim H”(F) = n. dim, F 
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directed geodesics y = y(t) and 6 = s(t) (here and elsewhere t and also T 
denote the arclength) in M are called asymptotic if the distance between 
points y(t) and s(t) is bounded for t > 0. This is an equivalence relation on 
the set of all directed geodesics. Therefore this set breaks up into 
equivalence classes called points at infinity. The stationary subgroup P, of a 
point at infinity q is a parabolic subgroup of L. The group P, acts trans- 
itively on the collection of geodesics belonging to the point at infinity q. 
There is a unique geodesic from the point at infinity q passing through 
every given point of the space M. Since the action of the group K in m is 
transitive on the sphere, the set of all points at infinity of the space A4 is a 
homogeneous space of the group L, which may be identified with the flag 
manifold Q = L/P,. 
1.2. Every reductive subalgebra 4, c 1 is conjugate under the group 
Ad L to the subalgebra 4 which admits the following decomposition: 
CJ = 9 n f i q n m. (This theorem is proved in 1291 under the assumption 
that the subalgebra 9, is semisimple. However, the proof given there can be 
easily extended to the case of an arbitrary reductive subalgebra.) This 
theorem implies the following two facts: 
(i) every reductive subgroup of the group L has a totally geodesic 
orbit in M [29]; 
(ii) if a reductive subgroup of the group L acts transitively on M, 
then it is open in L and therefore acts transitively on Q (if dim M> I ). 
Denote by 7 the directed geodesic obtained from the geodesic 7 by 
reversing its direction, i.e., 7 ~ (t) = y( - t). 
LEMMA 1.1. Let y(t) he a geodesic not belonging to the point ut irzfinit!, 
q, and let y,(z) he a geodesic from q such that y,(O) = y(t). Then the angle 
o,,(t) between the vectors (dy,/dz)(O) and - (dy/dt)( t) tends to zero as t 
goes to + co. Moreover, there is a strictly monotone .fimction w: R + (0, n) 
such that 
lim o(t)=0 (1.1) 
I--r tr 
and [f y, y ~ $ q then we have ,for t 3 s the inequality 
“Jr) d o(t - s + 0 l(q&))) (1.2) 
Proof: The sectional curvature of the manifold M is no greater than 
some constant c < 0. Let /i be the hyperbolic plane of curvature C, let 4 be 
a point at infinity in /1, and let P(t) be a geodesic in /i such that 7, ;‘-- $Q. 
Set 
w(t) = “&f). 
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The relation (1.1) is obvious (it suffices to consider the Poincare model of 
the hyperbolic plane), while the inequality (1.2) is immediate from the 
following assertion. 
LEMMA 1.2. Let ABC and Jk? he geodesic triangles in A4 and A, 
respectively, such that AB=aB<AC=d? and LA=LJ. Then 
LB= LB. 
ProoJ Consider a triangle dB’c in A such that dB’ = AB and B’c = BC 
(Fig. 1 shows triangles A”Bz‘ and dB’? in the hyperbolic plane A, which is 
represented by an open disk bounded by a broken circle). By the angle 
comparison theorem of A. D. Alexandrow (see [ 1, Sect. 3, Lemma I ] ), the 
angles of triangle ABC are no greater than the corresponding angles of 
triangle dB’c’, i.e., L Bd LB’ and L i?dc= L BAC 6 L B’A”?. We now 
use standard formulas of hyperbolic trigonometry to show that LB’ < LB 
and therefore LB d L B, as required. Lemma 1.2 is proved. 
Denoted by I,(T) the geodesic in /1 such that T, E 4 and 7,(O) = 7(t). To 
prove inequality (1.2) we apply Lemma 1.2 to triangles ABC, = 
(y(s), y(t), y,(r)) in M and 
WI_ 
ABC, = (I~(o ‘(Q4,,;(m Y(t-.y+o ‘(%J.N), “T,., I,<,>< ,.; (.\))(T)) 
in /i (see Fig. 2) and let r go to infinity. In view of [6, Proposition 9.21 we 
have 
wJ t) = lim L ABC, 
r-x 
and 
w(t--s+o- ‘(We,).))= lim LABC,. 
r-7 
Lemma 1.1 is proved. 
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COROLLARY 1.1. In the notation qf Lemma 1.1, the ,finction w,,;.(t) is 
strictly monotone. 
ProoJ: Let t < s. We apply the monotonely decreasing function (1) ’ to 
both parts of inequality (1.2). We obtain that the function o ’ .wy,, is 
strictly monotone, and therefore so is the function w,,,?. 
1.3. We will use the following notation: 
M’ is a totally geodesic submanifold of M; 
8M’ is the collection of all points at infinity which contain geodesics 
lying in M’; 
qcQ\aM’; 
i~,Jz) is a geodesic from the point at infinity q such that 
y,,(O) = m E M’; 
XX, is the orthogonal projection of the vector (d?,,,/&)(O) to the 
tangent space to M’ at the point m. 
Lemma 1.1 implies that the vector field Xy is pointing inward6 at all 
points of a sphere ,4p of a sufficiently large radius in the space M’. It now 
follows by a topological argument that the continuous [6, Proposition 9.61 
vector field X4 vanishes at some point p(q) E M’. Indeed, suppose that the 
field X4 does not vanish at any point of the ball 2 c M’ bounded by the 
sphere ,4p. Then it is not hard to construct a retraction of 2 to ,‘P which is 
impossible (see, for instance, [ 15, Chap. IV, Corollary 2.41). 
The point p(q) is the base of the unique (in view of Corollary 1.1) per- 
pendicular dropped from the point q E Q\(?M’ to M’. The mapping 
p: Q\aM’ + M’ constructed in this way commutes with every isometry 
from L which preserves M’. 
1.4. It is well known (see [6, Lemma 9. lo]) that given two distinct 
points at infinity q,, q2 E Q there is a unique geodesic y~q, such that 
Y- E92. 
1.5. It follows from 1.2 and 1.3 that every reductive subgroup of P, 
preserves some geodesic from q. 
Suppose a geodesic y(t) = Exp tY where YE nt lies in the point at infinity 
q. Let K, be the centralizer of the vector Y in K. Let 
A={exptYI tER) 
6 In other words, at every point m E :Y the vector A’;, forms an acute angle with the tangent 
vector to the geodesic joining m with the center of the sphere 9. 
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be the one-parameter subgroup of parallel translations in the space M 
along the geodesic y. It follows from 1.1 and 1.5 that 
P, = K;. . A . N (1.3) 
where N is the unipotent radical of the group P,. Note that the group 
S = K;. . A contains no unipotent elements. 
Now we can prove that P, is the unique up to conjugation parabolic 
subgroup of L. This is immediate from the following lemma. 
LEMMA 1.3. Ever)! nonreductiw subgroup of’ tlw group L. pwwrws so~nt~ 
point at infinity of the spuce M. 
Proof. Let H be a nonreductive subgroup of the group L. The Zariski 
closure of the group H has a nontrivial unipotent radical N,. Fix a point 
at infinity qE Q. Since the group P, is transitive on M (see (1.1) the 
relation (1.3) implies that L = K. P, = K. A N. It follows that A . N is a 
maximal triangular subgroup of L. Since all such subgroups are conjugate 
(see [SS]), we have 
N,cl. P,;l ’ 
for some 1~ L, i.e., the group N, preserves the point at infinity fq. Since the 
stationary subgroup of every geodesic is conjugate to the group S and 
therefore contains no unipotent elements, we obtain in view of 1.4 that 1q is 
a unique N/,-invariant point at infinity. It follows that H c P,,. Lemma 1.3 
is proved. 
Denote by q the point at infinity containing the geodesic 7 . It follows 
from 1.1, 1.4, and the relation (1.3) that the group N acts simply transi- 
tively on Q\ {q), i.e., the mapping 
given by the formula q(x) = x(q- ), is a diffeomorphism. It is easy to see 
that if X, n E N, s E S, and g = sn E P,, then the formula 
g(x) = snxs ’ (1.4) 
defines an action of the group P, on N such that 
‘dd.~)) = cp(d-u)) 
for all g E P, and x E N. Therefore if G c P, then 
rp(G) = jq) u cp(r,(G)). (1.5) 
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The properties of the root decomposition of the group L relative to a 
maximal torus A c L split over R (see [38, 563) imply that the Lie algebra 
II splits up into the direct sum of root subspaces u, and u2% invariant under 
the group Ad,, S which satisfy the relations 
[u, 111 = ll& (1.6) 
cu, uzJ= iot. (1.7) 
Denote by K the linear group defined by the action of the group K;, on u,. 
DEFINITION. Let j” be a group of linear transformations of a vector 
space V. A proper linear subspace W c V is called E.-packed if the subgroup 
of W-preserving transformations from i. acts transitively on the sphere in 
the space V/W, or if dim V/W= 1. A totally geodesic submanifold M’ c M 
different from A4 itself is called packed if its tangent space T,,,M’ at a point 
mEM is an L,-packed subspace in T,,,M where L,,, is the stationary sub- 
group of the point m in the group L, and T,,,M is the tangent space to the 
manifold M at the point’ M. 
LEMMA 1.4. [f the action of a subgroup G c P, on N defined by ,formula 
(1.4) is locally transitive hut not transitive, then T,(G) = x exp(o + u2%), 
where v is a k--packed suhspace in 11, and .Y E N. 
Proof: By Proposition 0.2, we may assume that G is an algebraic group 
and therefore (see [41]) admits a decomposition G= S, . N, where N, is 
the unipotent radical of the group G, and S, is a reductive subgroup of G. 
Since the group 
P, JN 2: S = K;. . A 
contains no unipotent elements, we have N, c N. The unipotent subgroup 
N, is connected since it is algebraic and therefore N, = exp II,. 
It follows from 1.5 that x- ‘S,x c S for some XYE N. It is easy to see that 
Z-,v(G) =x. ry(x ‘Gx). 
The restriction of the action of the group P, on N defined by formula (1.4) 
to the subgroup .I- ‘S, x c P, consists of automorphisms of the group N 
which permute the right cosets of the subgroup x- ‘N, x in the group N. 
Since the action of the subgroup x-’ N,x c .Y~ ‘G.u on N preserves these 
cosets, the local transitivity of the group .u~‘Gx on N implies the local 
’ It is easy to see that a totally geodesic submanifold g(Exp m’), where m’ c m is a proper 
subspace and x E L, is packed if and only if m’ is an Ad, K-packed subspace of m. 
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transitivity of the group x~‘S,x on the coset space (x -‘N,x)\N and 
therefore the local transitivity of the group 
in the space u/(Ad x ’ ) u , 
Since the dimension of a maximal compact subgroup S” c 2 is at least 
dim s- 1, the group 3 is irreducible in Y’ = u/(Ad x ‘) u, Indeed, let 
u = v, + u2 be the decomposition of a vector u E V^ corresponding to the 
decomposition of the space Y into two s-invariant subspaces, and let I/ I/ 
be an So-invariant norm in -I;“. Then the functions 
0 H IlUill (i= 1, 2) 
are invariant under the group So, which contradicts the local transitivity of 
S in $‘. 
Therefore, we have either 
[u,u] c (Ad Y ‘) II, 
or 
(Adx ~‘)u,+[u,u]=u. 
The relations (1.6) and (1.7) imply that in both cases 
(Ad x ’ ) II, =) [u, u] = u?,, i.e., u, is an ideal in u. 
Thus N, c N is a normal subgroup invariant under the group x ‘S, x 
and we have the following three properties: 
(i) r,,,(~~~ ‘Gx) = 7t ‘(r,%,.N,(x ‘S,.u)), where n: N -+ N/N, is the 
natural projection; 
(ii) u, =v i U21r where ~7 is some subspace in I’,; 
(iii) the group N/N, is isomorphic to a vector group on which the 
group 5 ‘S, x acts by conformal transformations. 
Since the action of the group x ‘S, x on N/N, is locally transitive, v is a 
k--packed subspace in u, and we have 
r,,,v,(x ‘s, x) = {e}, 
where e is the identity element of the group N/N,. 
Finally, we obtain 
f,(G)=x.f,(x~~‘Gx)=x.n ‘(f,,,,(x~‘s,x))=x.~ ‘( 
=xN, =x.exp(v+u,,). 
Lemma 1.4 is proved. 
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In the case L = SO( 1, n) we obtain the following corollary. 
COROLLARY 1.2. The intransitivity set ?f every group of corzformal truns- 
formations of the Euclidean space E is either empty or coincides kvith some 
ajfine subspace of the space E. 
THEOREM 1 .l. A subset TC Q is the intransitivity set qf some subgroup 
of the group L which is locally transitive but not transitive on Q lf and onlJ3 if 
at least one of the,following three conditions is satisfied: 
(a) f = {q}, Mlhere qg Q; 
(b) I-= jql u cp( x.exp(r,+u,,)) where qEQ, xuN, and u is a 
k--packed subspace of U, ; 
(c) r= 8M’ where M’ is u packed totally geodesic submanlfold qf M. 
Proof: If a subgroup G c L preserves some point at infinity q E Q and 
acts locally transitively on Q then in view of relation (1.5) and Lemma 1.4 
the set Tp(G) is of the form (a) or (b). 
If the subgroup G c L preserves no point at infinity of the space M, then 
by Lemma 1.3 it is reductive. In view of 1.2 we may assume that in such 
case one of the orbits of the group G in A4 coincides with a totally geodesic 
submanifold M’ c M different from A4 itself. Obviously c’M’ c ra(G). 
Furthermore, it is clear (see Proposition 0.1) that the group G acts locally 
transitively on Q if and only if the stationary subgroup G,, c G of the point 
m E M’ acts locally transitively on the flbre p ‘(m) of the mapping 
p: Q\aM’ + M’ 
constructed in 1.3. It is easy to see that the action of the group G,,, on the 
libre p-‘(m) is equivalent to its action on the sphere C in the space 
T,M/T,,,M’. Since the group G,, is compact and locally transitive on Z, it 
follows that either it is transitive on Z or dim M’ = dim M - I, i.e., M’ is a 
packed totally geodesic submanifold of M. It is easy to see that if this con- 
dition is satisfied, then the set Q\2M’ consists of a single orbit (if 
dim M’ < dim M - 1) or possibly two orbits (if dim M’ = dim M - 1) of the 
group G. Therefore Tp(G) = dM’. Theorem 1.1 is proved. 
Let us now describe all k--packed subspaces of LI, and packed totally 
geodesic submanifolds of M. Fix a x-invariant scalar product in u,. Let F 
be one of the algebras R, C, or H. We define the structure of an F-module 
on the real vector space F 0 R” ’ by setting 
for all x flEF and PER”+‘. The linear subspace UJ c F 0 R” ’ is called 
purely real if tu n ,fn, = (0) for all ,f E F\ R. 
HOMOGENEOUS DOMAINS ON FLAG MANIFoLDS 525 
PROPOSITION 1.1. Let M = H”(F) where F = R, C, or H. Then the linear 
group ti is defined by the standard representation qf the group O(n -- 1) 
U(n - 1 ), or Sp( 1) x Sp(n - 1 ), respectively. Furthermore, TV, = F 0 R” ’ 
and the K--packed subspaces in u, are the orthogonal complements in II, to 
subspaces of the jorm F’ . w, where F’ is an?) nonzero subalgebra of the 
algebra F and w is an arbitrary? nonzero purely reul .&space of’ 
u,=F@R”- ‘. 
Jf M = H’(O) then the linear group K is defined by the spinor represen- 
tation of the group Spin(7), und the proper .subspuce v c II, is k--pucked lf 
und only if dim v # 3. 
Proqf. It can be checked directly that the space u, and the linear group 
K are of the form given in the statement of the proposition. Let W be a 
linear subspace of u, and K,.+ its stabilizer in the group K. We set 
K:, = (k E K 1 kw = 1~ for all M’ E W}, 
Let us first consider the case M = H”(H) where F = R, C, or H. It is easy 
to see that in this case the action of the group K in the space w, commutes 
with the action of the algebra F in u, = F@ R” ’ described above. 
Therefore the subspace W n ,f W is invariant under the group K ,+, for every 
,f E F. Therefore, if the group K,, is transitive on the sphere in the space W, 
then for every ~EF we have either ,fW= W or ,fWn W= {O}. Denote by 
F’ the subalgebra 
{,fEF If’W= W; 
in F. Let w be the linear span over R of some basis of the F’-module W. It 
is easy to see that w is a purely real subspace of II, = F@ R” ’ and 
W = F’w. 
Now let M = Hz(O). Then dim u,= 8 and ti= Spin(7). Let v be a linear 
subspace of u,. If dim v = 7, then by definition v is a k--packed subspace. 
Since the group K = Spin(7) is transitive on the sphere, it follows that (0) 
is a K-packed subspace. If dim v = 1, then the action of the group K, in the 
space u,/v is given by the simplest representation of the group G,, ,4) and 
therefore is transitive on the sphere. It follows that every one-dimensional 
subspace of u, is k--packed and that the group K acts transitively on the 
Grassmannian manifolds Gr,(u,) and Gr,(u,). An argument similar to the 
above may be used to show that the group K acts transitively on Gr,(u,) 
and on Gr5(u,), and also that the subspace v is k--packed if dim v = 2, 6, or 
5, and is not k--packed if dim v = 3. 
We now consider the remaining case dim v = 4. To prove that every 
4-dimensional subspace v c u, is K-packed we will show that the set of 
k--packed 4-dimensional subspaces v c u, is open and closed in Gr,(u,). Let 
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3~ and I) be mutually orthogonal subspaces in u, of dimension 3 and 5, 
respectively. It is easy to see that every 4-dimensional subspace D c u, is of 
the form u =k(r 4 Ry) where kE K, YE n. Furthermore, the subgroup KY 
preserves some nonzero vector y, E n and its action on the orthogonal com- 
plement to Ry, in n is described by the standard representation of the 
group SU(2). It easily follows that the dimension of an orbit in general 
position of the group K in Gr,(u,) is at least dim Gr,(u,) - 1 = 15, i.e., 
dim K, d 21 - 15 = 6 for all D from some open subset 0’ c Gr,(u,). Since 
while 
K:~-R~,= (1) for all y E n \ Ry,, (1.8) 
it follows that the group K is not transitive on Gr,(u,). Hence dim ti, = 6 
for all v E 0’ and therefore the group K,, is locally isomorphic to the group 
SO(4) for all v E 8’. Let 
O=O’n{k(x i Ry) 1 kEk.,yEn\Ryo}, 
and let d be the set of subspaces u~Gr~(u,) whose orthogonal com- 
plements are contained in 0. It is easy to see that the sets 0 and 8 are open 
in Gr,(u,). The relation (1.8) implies that if u E Cc then the representation of 
the group K, in D is faithful. Since the group ti, is locally isomorphic to 
SO(4), it is transitive on the sphere in the space u. Therefore all subspaces 
from the open subset &cGr,(u,) are k--packed. 
Now let us show that the set of all k--packed 4-dimensional subspaces of 
II, is closed in Gr,(u,). Let ui E Gr,(u,) (i = 1, 2,...) be a sequence of 
K-packed subspaces of u, which converge to a subspace v E Gr,(u,) and let 
dj and D1 be the orthogonal complements to ui (i= 1, 2,...) and D, respec- 
tively. For every pair of unit vectors u and u’ from d there are unit vectors 
v,, u: E di and elements kjG ti,< such that 
lim u, = 0, lim 7~; = u’: 
I’? i- x 
and kioi = u: (i== 1, 2,...). Since the group K is compact, we may assume that 
the sequence {k;} converges to an element k E K. It is easy to see that k E IC,, 
and ku = v’, i.e., the group K~ acts transitively on the sphere in the space d, 
as required. Proposition 1.1 is proved. 
The list of all totally geodesic submanifolds in symmetric Riemannian 
spaces of rank 1 may be found in [66]. It is easy to determine which of 
these totally geodesic submanifolds are packed. We find: 
HOMOGENEOUS DOMAINS ON FLAG MANIFOLDS 521 
PROPOSITION 1.2. Packed totally geodesic submanifolds of H”(F) are:8 
H’(F), where 0 < r < n, and (when F # R) H”(p), where c = R, fr = C, and 
0 = H. 
Remark 1.1. The intersection of classes (b) and (c) of subsets f-c Q 
defined in the statement of Theorem 1.1 is nonempty and does not coincide 
with either of these two classes. It consists of subsets of the form 
a~“+ ‘F) = (4) u dexp(u,, i Fm,)), 
where ID, is an r-dimensional purely real subspace of u, = F @ R”+ ‘, 
O<rdn-2. 
1.2. Solution of Problem B 
Let us describe connected subgroups of L which act locally transitively 
on Q. We will use the following notation: 
ii is an arbitrary subalgebra of f;,; 
c is its center; 
j is a maximal semisimple ideal in ti; 
h, is the centralizer of the Lie algebra CI in II,; 
h, and 3, are subspaces of ho and r respectively such that dim h, = 
dimA,ddimr; 
1~ is the orthogonal complement to t), in II, (relative to the ti-invariant 
scalar product in u,); 
3 is a subspace in 3, i h, such that 
dimA=dimA,, 3n3, =anb, = CO); 
r0 is an arbitrary subspace in r complementary to 3,. 
DEFINITION. A subalgebra of the form 
is called a Malyshev subalgebra of f.,, + u (see [40, p. 9731). 
Remark 1.2. It is not hard to show that every algebraic Malyshev sub- 
algebra of f;, + u is of the form ti + u, where ti is an algebraic subalgebra 
of f.;. 
8 Here as before n = 2 if F = 0. 
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THEOREM 1.2. Suppose a proper suhalgebru CJ c 1 acts locally transitivel? 
on Q. If 9 is a reductive Lie algebra, then 
where g E L, and 
I’ = m’ + [m’, m’] 
is the Lie algebra of the,ftlll group qf isometries qf n pucked totall~~ geodesic 
s&manifold 
M’ = Exp m’ c M, 
where 7 is a subalgebra of the centralizer of the Lie algebra I’ in f such that 
the action of the Lie algebra [nr’, m’] +? in the space m/m’ is transitive on 
the sphere. 
If 9 is a nonreductive Lie algebra, then g c py = p for some qe Q. If 
moreover g c f;, + u then 9 is a Malyshev subalgebra of t;. + II. 
If, on the other hand, CJ ti t;, + u then CJ = Ad .u(s,, + II, + uzX) where 
x E N, u, is a K-packed subspace of II,, and ++, is the subalgebra of 5 which 
normalizes u, and acts locally transitively in u,/u, 
Proofi If the group G = exp CJ is reductive, then by 1.2 it preserves a 
totally geodesic submanifold M’ c M. We may assume without loss of 
generality that M’= Exp m’, where m’ is a triple Lie system in m. The sub- 
algebra 1’ = m’ + [m’, m’] c g is isomorphic to the Lie algebra of the full 
group of isometries of the manifold M’. Here CJ = I’& where f is a sub- 
algebra of the centralizer of the Lie algebra I’ in f. It follows from 1.3 and 
Proposition 0.1 that the group G acts locally transitively on Q if and only if 
the action of the Lie algebra [m’, m’] C&P in the space m/m’ is locally 
transitive on the sphere. Since the group exp( [m’, m’] 0’5) acts on this 
sphere by isometries, it follows that the Lie algebra [m’, m’] @? is transi- 
tive on the sphere. 
If the group G = exp 9 is nonreductive, then by Lemma 1.3 it is con- 
tained in some parabolic subgroup P = P, of the group L. Set N, = exp 11, 
and N,, = exp II>=. It is not hard to check that the action of the group P, 
on N defined by formula (1.4) permutes the cosets of the normal subgroup 
N,, in the group N, and that N/N,, (respectively, N,,) has a Euclidean 
structure with respect to which all transformations from P, (respectively, 
from S. NZ3) are conformal. 
First let us consider the case when (1 ~5 f;. + II. F. M. Malyshev [40, 
Lemma I] proved that the Lie algebra of conformal vector fields in 
Euclidean space, which is not contained in the Lie algebra of isometries, 
splits up into the sum of the stationary subgroup of a point and the ideal 
HOMOGENEOUS DOMAINS ON FLAG MANIFOLDS 529 
consisting of the constant vector fields. It follows that for some x EN one 
has the equality 
where 
G=Ad.u ‘(g)n(5+11?,), 
and ii is some linear subspace of II such that 
ii n 11 lx== ‘0). 
Obviously, 
where 
and UJ is an so-invariant complement to so + u0 in !Z. 
Let us prove that ID = (0). Since LJ d f;, + u, we have so 3 k, + CI, where 
k, E f;., a E a, and a(a) = 1. Obviously, 
where UJ, is a linear subspace of 5, while 
is a linear map. Since [so, tn] c tu and 
Ck,+ u, .y + $(.y)l = Ck,, sl + (Ck,, ~(.~)I + W(s)), 
it follows that for all s E ID, we have [k,,, s] E ID, and 
(I) c’ ad k,) s = (ad k,, 0 $ + 2$) s, 
i.e., 
[ad k,, I)] = -2$. (1.9) 
Since the closure of the subgroup 
{exptk,/ teR)cL 
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is compact, the linear operator in the space Y of all linear maps 
$‘: ml, + UZa, which is defined by the formula 
$’ H Cad k,, $‘I, 
is skew-symmetric with respect to a suitable scalar product in Y. Now 
relation (1.9) implies that II/ = 0 and therefore m = tu n 5 = (0 1, as required. 
Thus 
g = Ad x(5, + u. + ii), 
where x E N, u. c uZ3, ii c u, and ii n uZa = {O}. Since the dimension of the 
maximal compact subgroup of the group exp so equals dim so - 1, and 
since the group G is locally transitive on N, one can show (see the proof of 
Lemma 1.5) that the group exp so acts irreducibly in the space u/(u, + fi). 
Therefore either u. = uzl or i? + u2% = u. The relation (1.6) implies that in 
either case u0 = uZ1. Thus if g ti f.,. + u, then 
R=Adx(so+u, +u,,), 
where x E N, u, is a K-packed subspace of u,, and so is a subalgebra of 5 
which normalizes u, and acts locally transitively on u&t,. 
If g c f;, + u then the results of [40] (the first assertion of Theorem 1) 
together with Lemma 1.4 imply that g is a Malyshev subalgebra of fi. + u. 
Theorem 1.2 is proved. 
1.3. Application to the Classification qf Homogeneous Corzformally Flat 
Riemannian Man{folds 
DEFINITION. Two Riemannian manifolds M, and M, are called confor- 
mally equivalent if there is a conformal diffeomorphism of M, onto M,. A 
Riemannian manifold is called locally conformally flat if its every point has 
a neighborhood which is conformally equivalent to the open ball in 
Euclidean space. 
The following Riemannian manifolds are locally flat: 
E”, the n-dimensional (n > 1) Euclidean space; 
s”, the n-dimensional (n B 1) sphere which has constant sectional cur- 
vature + 1 when n > 2, while S’ is the unit circle; 
A’, the n-dimensional (n > 1) hyperbolic space which has constant sec- 
tional curvature - 1 when n 3 2, while n I = E’. 
Let V be the (n + 2)-dimensional real vector space together with a non- 
degenerate symmetric bilinear form of index 1. If L = SO( 1, n + 1) c 0( V) 
then the manifold Q = Q,(V) has a Riemannian structure isometric to the 
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standard n-dimensional sphere S”, where the group L, coincides with the 
connected component of the identity of the full group C(Y) of conformal 
transformations of the sphere S”. In this special case Theorem 1.1 may be 
formulated as follows. 
PROPOSITION 1.3 (see [31 I). Every C(Y)-homogeneous domain on the 
sphere s” coincides wGth one of the following four domains up to a transfor- 
mation from C(S): 
(i) the whole sphere; 
(ii) a hemisphere (conformally equivalent to A’); 
(iii) s”\{q} lh w ere q E S” (conformally equivalent to E”); 
(iv) S”\ S”, where S” is an m-dimensional totally geodesic 
suhmantfold’ of S” (0 <m <n - 2) and the domain S”\ S”’ is conformally 
equivalent to the mamfold s” m ’ x A In + ‘. 
Every m-dimensional totally geodesic submanifold of S” = Q, ( V) is of 
the form S” n pr( W\ {O}), w h ere W is an (m + 2)-dimensional linear sub- 
space of the space V. Therefore Proposition 1.3 implies the following asser- 
tion. 
COROLLARY 1.3. [f a subgroup of the group O(V) which is irreducible in 
V preserves some 0( V)-homogeneous domain D c S” then D = s”. 
THEOREM 1.3. Every connected simply connected conformally Euclidean 
Riemannian manifold which admits a transitive group of conformal transfor- 
mations is conformally equivalent to one of the ,following Riemannian 
manifolds: E” (n 3 1 ), S”(n>2), A”(n>2), E’xA”(n>2), und 
SII’xAnz(n,>2, n,> 1). 
To prove Theorem 1.3, we will need the following lemma. 
LEMMA 1.5. When n33 every conformal dtffeomorphism 
cp: Y + cp(Y) c S” qf every open subset Y c s” uniquely extends to u con- 
formal transformation of the sphere s”. 
Proof: Replacing, if necessary, cp by f 0 q, where 
fE (Us")),, 
we may assume that the map cp fixes a point s E I“. In this case our asser- 
tion follows from the fact that when n 3 3, the 2-jet at the point s of the 
conformal map cp coincides with the 2-jet of some uniquely determined 
9 S” is a pair of opposite points of S”. 
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conformal transformation of the sphere s” (see the proof of Lemma 5 and 
Theorem 7 in [2] ). Lemma 1.5 is proved. 
Proof of Theorem 1.3. Let M be a connected simply connected confor- 
mally flat n-dimensional Riemannian manifold, and let W be a connected 
transitive group of conformal transformations of M. Let us define the 
action of the simply connected cover 4 of the group % on M by setting 
c(x) = rc(c)(x) for all CE @ and x E M, where rr: @ -+ % is the covering 
homomorphism. 
By definition of a conformally flat manifold, there is a conformal dif- 
feomorphism ~7 of some open subset ‘2 c M onto an open subset p’c s”. 
Choose an open subset 4, in M such that 78, c &. Then 
is a neighborhood of the identity of the group @. It is easy to see that the 
formula 
c(a(x)) = o(c(x)) (1.10) 
for all x E +X, , c E W defines a local action of a local Lie group W on a(‘&, ). 
Using Lemma 1.5, one can show that this local action can be extended to a 
global action of the group @ by conformal transformations of the sphere 
s”. Since now the left-hand side of equality (1.10) is defined for all L.E@, 
this equality may be viewed as the definition of a conformal map CJ: M + S” 
(the definition is consistent because the stationary subgroup of a point 
from M is connected in the group @;, which in turn follows from the fact 
that M is simply connected). Formula (1.10) implies that o(M) is a C(s”)- 
homogeneous domain in s” and therefore coincides with one of the 
domains listed in Proposition 1.3. Theorem 1.3 (for IZ 3 3) now follows 
because the map 0: M + a(M) is a covering map and because all the 
manifolds E”, S”, A”, and s”’ x A”> (for n, > 2) are simply connected, while 
the universal cover of the manifold S’ x A” ’ is isometric to E’ x A” ‘. 
If n = 2, the manifold M has a complex structure compatible with its 
Riemannian metric, and by the classical Riemann mapping theorem, M is 
biholomorphically equivalent to the complex plane or the Riemann sphere 
or the open disk. This means that M is conformally equivalent to E’ or S’ 
or A*. (Here if n = 2 then one does not even need to require the existence of 
a transitive group of conformal transformations of the manifold M.) 
Theorem 1.3 is proved. 
Remark 1.3. The classification of all (not necessarily simply connected) 
locally conformally flat Riemannian manifolds which admit a transitive 
group of conformal transformations was obtained in [3]. Moreover, it is 
shown in [3] that this classification coincides with the classification up to 
HOMOGENEOUS DOMAINS ON FLAG MANIFOLDS 533 
homothety of all locally conformally flat Riemannian manifolds which 
admit a transitive group of isometries. 
2. REDUCTIVE LOCALLY TRANSITIVE SUBGROUPS OF 
ORTHOGONAL GROUPS ON FLAG MANIFOLDS 
Let V be an n-dimensional vector space over the field @= C or R 
together with a nondegenerate symmetric bilinear form ( , ); let 
L = SO(V) and Qk = Qk( V). The group L acts on Qk in the obvious way. If 
n # 2k, then the manifold Qk is connected and the group L acts transitively 
on it. The manifold QnlZ (when n is even) has two connected components 
each of which is an orbit of the group L. 
PROPOSITION 2.1 (see [ 131). Two totally isotropic subspaces I7’, I7” c V 
qf dimension n/2 lie in a common orbit qf the group L in Q,,:?(V) fund onI?) 
!f 
dim( n’ n I7”) z n/2 (mod 2). 
Let @ = C and let P, be a maximal parabolic subgroup of L 
corresponding to the kth simple root elk of the group L. In other words, 
P,= P{.,j (see Remark 3.1 below). Then Qk = L/P, if k # n/2 - I, n/2; 
Q,r,z ~ 1 = Ll( P,,/z I n Pm;, ) and Q,,,z = (LIP,,,, 1) u (LIP,, z 1. 
The main part of this chapter (Sections 2.1-2.4) is devoted to the 
description of all reductive complex subalgebras g c I which act locally 
transitively on flag manifolds Qk (1 < k < n/2) in the case @ = C. In Section 
2.5 we find all reductive subalgebras 9 c I which act locally transitively on 
the quadric Q, in the case @ = R. 
Unless stated otherwise, everywhere in Sections 2.1-2.4 manifolds, vector 
spaces, Lie groups, and algebras are assumed to be complex, while in Sec- 
tion 2.5 they are assumed to be real. All metric notions in the space V, such 
as a nonisotropic or totally isotropic subspace, the orthogonal com- 
plement, etc., are understood relative to the form ( , ). 
2.1. The Complex Case: The Statement qf Results 
The main results of this chapter on the description of complex reductive 
subalgebras CJ c so( V) locally transitive on Qk( V) are stated in Theorems 
2.1 (the irreducible case), 2.2 (the weakly reducible case), and 2.3-2.6 (the 
strongly reducible case). 
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THEOREM 2.1. All subalgebras g c so(V) which are irreducible in V and 
act locally transitively on Qk( V) are contained in Table I. 
Table I also provides the following data: the stationary subalgebras in 
general position h ’ and hQ’ for the action of g in V and on Q, , respec- 
tively, the transcendence degree over C of the ring of g-invariant 
polynomials on V, given by the formula 
6,=dim V-dimg+dimh”, 
and the intransitivity set f Q,(g) of the Lie algebra g on the quadric Q,( V). 
In the case of representations 2, 3, and 4 of Table I, a vector v E V is viewed 
as a (2s x 2) matrix whose rank is denoted by rk v. In the case when 
k = n/2, the superscript (2) in the column “k” of Table I means that the Lie 
algebra g acts locally transitively on both connected components of the 
manifold Qn,, , while the superscript (1) means that g acts locally transi- 
tively only on one connected component of this manifold. 
THEOREM 2.2. If a subalgebra g c so(V) is weakly reducible in V, then. 
(i) V= V, $ V,, where V, and V, are totally isotropic subspaces qf 
the space V which are invariant and irreducible with respect to 9; 
(ii) the action of the Lie algebra g in Vz is contragrdient to its action 
in V,. 
If properties (i) and (ii) are satisfied and the Lie algebra 9 acts locally transi- 
tively on QJ V) then its action in V, or in V, is described by one qf the 
representations from Table II. 
In Table II the symbol hQ1 and superscripts (1) and (2) have the same 
meaning as in Table I, and v, E V, , u2 E V,, A. E C. Given below is the list of 
special symbols used in Table II: 
Representations 5 and 6. The vector v, (respectively, v2) is viewed as an 
(s + 1) x 2 matrix (respectively, a 2 x (s + 1) matrix), and rk v denotes the 
rank of the matrix v. 
Representations 7-10. z, and r2 are nondegenerate quadratic forms 
semiinvariant under g in the spaces V, and V,, respectively. 
Representations 11-14. The mapping y: V, + VT = V, is defined by the 
symplectic structure in V, semiinvariant under g. 
Representations 15 and 16. L,,,,* is the linear operator in the space C5 
canonically associated to a covariant bivector v,: C5 -+ C5* and a con- 
travariant bivector v?: Cs* -+ C5 and defined by the formula L,.,,,, = v2 o v, 
(see [lS]). (Note that (v,, v2) = Sp L,.,,‘.?.) 
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Now suppose that the subalgebra CJ c so(V) preserves a nonisotropic 
proper subspace W, c V. Set W, = Wf and d, = dim Wj (i = 1,2). We may 
assume that d, < d,. Let k’ = max(k - d,, 0). 
THEOREM 2.3. A strongly reducible s&algebra g c 50( V) acts locally 
transitively on Q,( V) (f and only tf the ,following three conditions are 
satisfied., 
(i) the Lie algebra g acts locally transitively on Qk( W,) (the 
stationary subalgebra of a point in general position IT E Qk( W,) ,for this 
action will be denoted by b’, where tf k’ = 0, then IT = { 0) and 6’ = 9); 
(ii) the Lie algebra b’ acts locally transitively on Gr, k,( W, ) (the 
stationary subalgebra of a point in general position IT’ E Gr, k.( W, ) ,for this 
action will be denoted by b”); 
(iii) the Lie algebra b” acts locally transitively in the space qf 
isometric maps qf IT’ into (IT, n Wz)/IT. 
Proof Theorem 2.3 follows immediately from Proposition 0.1 and the 
following fact: let I7’ be a totally isotropic subspace of dimension k’ in Wz, 
let Z7” be a nonisotropic subspace of dimension k-k’ in W, , and let ,f be 
an isometric map of I7” into I7’l n Wz; then the subspace 
IT= {x+fi.f(x)+y IXE~,J'El7') (2.1) 
is a k-dimensional totally isotropic subspace of V, and subspaces of the 
form (2.1) define a Zariski open subset of Qk( V), while subspaces 
I7’ = Z7n W, and 17” = (the projection of I7 to W, ) and the map 
f’: Il” + (17’l n W,) (mod Z7’) 
are uniquely determined by a subspace Z~E Qk( V) of the form (2.1). 
Since k’ < k - 1, Theorem 2.3 together with Theorems 2.1 and 2.2 allow 
one to apply induction on k to obtain a complete classification of reductive 
subalgebras SC C.O( V) locally transitive on Qk( V). We will obtain the 
explicit results (Theorems 2.4-2.6) in the case when k d max(2, d,). 
THEOREM 2.4. Suppose a reductive strongly reducible subalgebra 
g c YYO( V) acts locally transitively on Q,(V). Then. 
(i) gcg,Oh, where g, (i = 1, 2) is the Lie algebra qf 
endomorphisms of the space V, whose action is trivial on W, ~, and may be 
described on Wi by one of the representations l-7 qf Table I (irreducible 
representations) or one of the representations of Table III (reducible 
representations). Furthermore, rfgp is a simple ideal qf maximal dimension in 
g, then g: @ c$! c g, except in the cases listed in Table IV. 
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TABLE III 
Lie algebra Representation 
Dimension of 
the representation 
Stationary 
subalgebra 
of a point in 
general position 
(ii) The Lie algebra g admits a decomposition g = g n g, 0 g n gz @a, 
where a = 0 or T, or A,. Except in the cases listed in Table IV, the 
stationary subalgebra in general position ,for the action of g on Q, is of the 
form b(“@ b(*‘@ a, where IJ(‘) 1s the stationary subalgebra in general position 
for the action of the Lie algebra g n g, in the space W, (i = 1, 2). 
(iii) fa,(d = pr((K,, + K,)\ {O>). 
Proqf: If k = 1, then k’ = 0 and Theorem 2.3 implies the following two 
facts: 
(a) the Lie algebra g acts locally transitively on Pr W,; 
(b) the stationary subalgebra in general position h” for this action 
acts locally transitively on Pr W,. 
Denote by gi the image of the Lie algebra g when its action is restricted 
to the subspace W, (i= 1,2). Conditions (a) and (b) imply that the sub- 
algebras gi c eo( Wj) act locally transitively on Pr W, (i = 1, 2). It is well 
known (see, for instance, [43]) that linear orthogonal Lie algebras which 
act locally transitively on the corresponding projective space are described 
by representations 1-7 of Table I (irreducible representations) or by the 
representations listed in Table III (reducible representations). 
Extend the action of the Lie algebra g, c SO( Wi) to the whole space V by 
setting gi W, , = 0 (i = 1, 2). Obviously, g c g, @ g2. The reductive Lie 
algebra g contains an ideal a such that g = g n g, Og n g20a, where 
TABLE IV 
dim V $2 Action of CJ on W, Action of g on W, f)“l 
8 A,OA, R(cp,)xR(cp,) vxR(cp,) + vxRR(cp,) 0 
8 A,OA,OT, R(cp,)xR(cp,)xv ‘1xR(cp,)x~ i ‘~xR(cp,)xd 7-1 
15 4 WV,) R(cp,) AZ 
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gi N g A g,@ a (i= I, 2). Suppose that g n g, ~5 gP (where j= 1, 2). Since 
g, E g n gi@ a, the Lie algebra a has an ideal a0 N gp, and since 
93-~j=gn93 j 0 a, 
the Lie algebra g3-, contains an ideal isomorphic to gp. Now an 
examination of Tables I and III taking into account condition (b) shows 
that gy E g: N a0 and there are two possibilities: either g z B, and the 
action of g in V is described by the last line of Table IV, or the actions of 
the Lie algebra a0 in spaces W, and W, are equivalent and 
lj” = h” n a0 @ 6, where b z 0 or T, or A,. Here if g $ B, then in view of 
condition (b) we have 
d,=d,=l+dimPr W?<l+dimb<4. 
When d, = ct, < 4, one shows by inspection that the inclusion gy 0 gt c g 
fails to occur only in the cases given in the first two lines of Table IV. This 
proves assertion (i) of the theorem. Assertion (ii) easily follows from (i). 
Now let us prove assertion (iii). Set 
.q= {WE w, 1 (w, w) = 1) (i= 1, 2) X= pr($). 
Let g,Y be the stationary subalgebra in g of the point x E X and let g, and 
(g.,)2 be the images of the Lie algebras g and g, when their action is restric- 
ted to subspaces W, and W2, respectively. It is easy to see that 
fQ,(e) 13 pr((K,, + K,,)\ {Of) 
and that the projection cr: Q,( V) + Pr W, associated to the decomposition 
V= W, i W, is an open map which commutes with the action of the 
group G = exp g. Now Proposition 0.1 implies that the Lie algebra g acts 
locally transitively on X, while the Lie algebra g, acts locally transitively 
on the tibre C’(X) if x is a point in general position in X. To prove asser- 
tion (iii) it suffices to show that both of these actions are transitive. 
Note that the Lie algebra g acts locally transitively on X (respectively, gY 
on CJ ‘(x)) if and only if g, acts locally transitively on Cz (respectively, 
(g,)2 on .V,), which in turn is equivalent to the existence of a decom- 
position 
so(d, ) = gi + so(d, - 1) (2.2) 
(respectively, 
44) = (g,)* + s44 - 1 )I. (2.3) 
A. L. Onishchik [43, Theorem 3.11 proved that a reductive decomposition 
of a reductive Lie algebra necessarily corresponds to a decomposition of 
the group. Therefore the decomposition (2.2) corresponds to a decom- 
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position SO(d,) = G, . SO(d, - 1) where G, = exp 9,. This easily implies 
that the group G, (and therefore the Lie algebra CJ~) is transitive on $. 
Since *4p is an affine algebraic variety, a theorem of Matsushima (see [7]) 
implies that the Lie algebra 9, and therefore also its quotient algebra (cJ,)~ 
are reductive. In view of Onishchik’s theorem mentioned above, the decom- 
position (2.3) now implies that the Lie algebra (s.,)~ is transitive on Z, 
and therefore the Lie algebra 9, is transitive on CJ ‘(x). Theorem 2.4 is 
proved. 
If k 6 cl, then condition (i) of Theorem 2.3 is satisfied automatically, 
while condition (ii) of Theorem 2.3 means that the Lie algebra g acts 
locally transitively on Gr,( W,). A similar argument shows that 9 is locally 
transitive on Qk( V) only if the Lie algebra g acts locally transitively on 
Gr,. IV,). All reductive linear Lie algebras which act locally transitively on 
Grassmannian manifolds are listed in [43]. We may use condition (iii) of 
Theorem 2.3 to prove the following theorem by inspection. 
THEOREM 2.5. [f u reductive strongly reducible subalgebra g c so( V) acts 
locally transitively on Qk( V) and 2 < k < d, < d,, then the action of g in V is 
contained among the actions listed in Table V. 
TABLE V 
Action of 
d, dz x 11 Action of !J in W’, $1 in U’? 
22 22 22 so(d,)@so(d?) Simplest x ‘1 q x simplest 
2s + 2 > 4 > 2.\ + 1 2s + 1, 2.v + 2 A,Oso(dz) (Rv,) + R(v,))xv q x simplest 
Z.v+2>4 >2s+ I2s+ I, 2s+2 A,@T,@so(d:) (R(~1,)xci-R(c~~)xr:*)x~ qxqxsimplest 
4.7 b 8 2 4.T ~ I 4.\ - I, 4s C,Oso(d,) (R(v,) +R(v,))xv ‘1 x simplest 
4s > 8 >4.r- I 4s- I, 4s C,@ T, @eo(dJ R(cp,)x(~. i- c*)xq q x ‘1 x simplest 
4s 2 8 >4.VF I 4.F- I, 4s C,@A,@50(d2) Rv,)xR(v,)xrl q x q x simplest 
I6 >I5 15. 16 B,Oeo(dz) R(v,)xrl q x simplest 
8 > 2 2, 3, 5. 6, 7. 8 B,Oeo(dz) R(vI) x ,I ~1 x simplest 
I 22 2. 5, 6, 7 Gz040(d2) R(VD,)XV tj x simplest 
4 8 3 AlOB (R(v,) i- R(v,))xv v x NV,) 
4 8 3 A,OT,OB, R(cp,)x(c i- c*)xq vxvxR(v~) 
8 8 2, 3 B,OB, R(v~)x’I rl x WV,) 
7 8 2 GOB, R(v,)xv ‘1 x R(vJ) 
I 7 2 G,OG> R(v,)xv ‘1 x NV,) 
.s 2 2 > s s Nd2) .Y rl Simplest 
2 8 2 B3 2’1 R(vi) 
3 8 3 B, 34 R(v)) 
2 7 2 GL 2rl NV,) 
” Among the triples (d,, dZ, k) one should take those with k < min(d,, d,). In the case when 
k = d, = dz the Lie algebra 9 acts locally transitively on both connected components of the 
manifold QI( V). 
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If d, = 1 <d, and k = 2, then condition (ii) of Theorem 2.3 is satisfied 
automatically, we have h” = h’, any condition (i) of Theorem 2.3 means 
that the Lie algebra g acts locally transitively on Q,( W,) and therefore the 
action of g in W, is among the actions listed in Theorems 2.1, 2.2, and 2.4. 
One can easily check that condition (iii) is satisfied for these actions, thus 
proving the following theorem. 
THEOREM 2.6. If a reductive strongly reducible subalgebra g c so(V) acts 
locally transitively on Q,(V) and d, = 1, then the action of g in W, is 
described by one qf the representations listed in the table belobit. 
n 
50(S), s > 3 
so(s), s 2 2 
C,@A,, .s>,2 
B4 
Action of CJ in W, n Action of g in Wz 
Simplest B, R(cp,) 
Simplest -I q B3 NV,) * u 
R((~,)xR(cp,) Gz WV,) 
R(cp,) GL 4~1) i- 1 
THEOREM 2.7. If a proper complex subalgebra g c so(V) (a priori not 
necessarily reductive) acts transitively on at least one connected component 
of the manifold Q,J V) then it is contained in Table VI. 
Proof: First suppose that k # 1112 - 1 and 5 is some subalgebra of SO( V) 
which is transitive on Qk( V), while g is a maximal subalgebra of SO( V) con- 
taining 8. Since k # n/2 - 1, the subalgebra pk is maximal in eo( V) and by 
[43, Theorem 6.11, the action of the Lie algebra g in V is described by one 
of the representations from Table VI. If the action of g in V is described by 
the first line of Table VI, then the Lie algebra g = B, preserves a (2s + l)- 
dimensional nonisotropic subspace I’, c V, and the subalgebra 4 acts 
transitively on Q,( V,). Now [43, Theorem 6.11 implies that G = g = B,. In 
the remaining cases we have k = 1, and since n > 2 and g is transitive on 
Q,(V), it follows that g is irreducible in V. Now an examination of Table I 
shows that g=g. 
If on the other hand the subalgebra g c SO( V) acts transitively on 
Q,,,2m ,(V) then the existence of an L-invariant fibration Qn;2 ~ ,(V) -+ 
L/P,,jz implies that g also acts transitively on L/P,,12, and as we have just 
TABLE VI 
Action of g in V k 
so(2.s + 1 ), s > 0 
B, 
Gz 
Simplest i- tj 
WV,) 
R(cp,) 
s + 1 
I 
1 
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shown its action in I/ must be contained in Table VI. Theorem 2.7 is 
proved. 
The next three sections are devoted to the proof of Theorems 2.1 and 2.2. 
2.2. Proof of Theorem 2.1 (the beginning) 
PROPOSITION 2.2. Let n = 2k and let Qi be one of the connected com- 
ponents of the manifold Qk( V). A subalgebra 9 c SO( V) acts locally transi- 
tively on Qk ~ ,(V) if and only if the Lie algebra ~1 acts locally transitively on 
the manifold QE and the action of the stationary subalgebra qf a subspace in 
general position 17~ Qi on Pr(I7*) is locally transitive. 
Proof It is easy to see that the space V has exactly two k-dimensional 
totally isotropic subspaces containing a given (k - I )-dimensional totally 
isotropic subspace. By Proposition 2.1 they lie in different connected com- 
ponents of the manifold Q,J V). Thus every connected component Qz of the 
manifold Qk receives a map p: Qk ~, --+ Qz. Now Proposition 2.2 follows 
from Proposition 0.1 and the obvious equivalence of the actions of the Lie 
algebra g on p - ’ (Z7) and on Pr(Z7*) for all 17~ Qi. Proposition 2.2 is 
proved. 
Proof of Theorem 2.1. The works [ 16, 171 prove that the natural action 
of the Lie algebra g on the Grassmannian manifold Gr,( V) has a point in 
general position. Let bk be a stationary subalgebra in general position for 
this action. It is easy to see that if the Lie algebra g acts locally transitively 
on Qk( V), then 
dim g - dimh, 2 dim Qk = nk - fk( 3k + 1). (2.4) 
The subalgebra g c so(V) is irreducible and hence semisimple. Using the 
results of [ 16, 171 where one computes the subalgebras hkr it is not hard to 
check that if a simple irreducible linear Lie algebra g has a symmetric 
bilinear invariant and satisfies condition (2.4) then either it is described by 
one of the representations from Table I or k = 7 and the action of g in V is 
described by the spinor representation of the Lie algebra B,. 
Now suppose the Lie algebra g is not simple. Let g = g, CD g2 0 0 g,,, 
be its decomposition into simple components (m > 2) so that the represen- 
tation of g in V is the tensor product of irreducible representations of Lie 
algebras gi in vector spaces Vi of dimension n, (i= 1, 2,..., m). For every 
subset .c4 c { 1, 2,..., m> we set a?‘= fl,L..,m}\.d, c-h= OrE,dg,, 
‘d= Oitd I’;, cr=dim IJ’.~=~~~,~~ n,, and b = dim V.#. Since the action 
of the Lie algebra g = g,& @ g1 in the space V = V,, 0 V, is orthogonal, the 
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actions of g,& in V, and of gs8 in V,& are simultaneously symplectic or 
orthogonal, i.e., 
or g c 6 = 50(a) @ so(b). 
Denote by 5, (respectively, 6,) the stationary subalgebra in genral 
position for the action of the Lie algebra fi (respectively, 5) on Grk( V). It is 
easy to see that in the case g c 6 the Lie algebra g is locally transitive on 
Qk( V) only if 
dimG-dimij,>dimQ,, (2.5) 
whereas in the case g c r”;, it is locally transitive only if 
dim i - dim Fk > dim Q, (2.6) 
The results of [ 16, 171 permit one to find the subalgebras Sk and ck. A 
direct calculation shows that the inequality (2.6) is not satisfied for any set 
of integers a, h, and k such that a >, h > 3 and 1 <k <tab, while the 
inequality (2.5) for a >, h 3 2 and 1 < k 6 fah (a and b are even, a = 2.5 
b = 2~) is satisfied only for the following values of r, S, and k. 
r: 2 1111111 
s: 32 32 32 33 33 4 32 32 (2.7) 
k:l 12 3 4 6 2s - 1 2s 
It follows that m = 2 and if n, 3 n, then g, is a simple irreducible Lie 
algebra of symplectic endomorphisms of the space V,, while n, = 2 or 
(when k = 1) 4 and the action of the Lie algebra gz in V, is described by 
the representation R(cp ,) or R( 39, ) of the Lie algebra A, or by the 
representation R(cp,) of the Lie algebra C,. The results of [ 171 show that if 
the action of the Lie algebra C5 @A, in the space V is described by the 
representation R(cp, ) x R( 3~~ ) then 
dimg(x)ddim V-3<dim V-2=dimQ,(v) 
for all XE Pr V, i.e., this Lie algebra does not act locally transitively on 
Q,(V). Therefore we may assume that g2 = ep(2) or (when k = 1) sp(4) in 
the simplest representation. 
The condition dim g 3 dim Qk yields the following restrictions on the 
dimension n, of the space V, : 
if g2=5p(4) and k= 1 then dim g, 34n, - 12; 
if g2 = ep(2) then: 
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k=l dimg,>,2n,-5 
k=2 dimg,34n,-10 
k=3 dimg,36n,-18 
k=4 dimg,38n,-29 
k=n, dimg,>$n,(n,-l)-3 
k=n, dim g, >$z,(n, + l)-4 
k=6andn,==8 dim g, 3 36 
(2.8) 
It follows that if n I > 4 then 
dimg, >n,. (2.9) 
All the representations of simple Lie algebras g, which satisfy condition 
(2.9) are well known (see, for instance, [62, Chap. III, Table II]). It is easy 
to check that if such a representation is symplectic and satisfies at least one 
of the inequalities (2.8), then it coincides with the simplest representation 
of the Lie algebra ~pfn,). 
If on the other hand n, d 4 then the only symplectic linear Lie algebra 
different from sp(n,) is described by the representation R(3q,) of the Lie 
algebra A,, and conditions (2.8) in this case are satisfied only for gz = sp(2) 
and k=l,4. 
Thus to prove the theorem it suffices to check that all linear Lie algebras 
from Table I act locally transitively on Qk for the values of k listed in the 
fourth column of Table I, and that the linear Lie algebras in lines 2, 3, 7, 
and 15 of Table I do not act locally transitively on Q4 and (when s = 4) on 
Qe Q4r QT, and Q4, respectively. 
Representation 1 of Table I. Witt’s theorem implies that the group O(s), 
and thewfore also the Lie algebra so(s), is transitive on Qk .for all k 6 s/2. 
Representations 2-4 qf Table I. It is convenient to identify the space V 
with the space of 2s x 2 matrices of the form (xy), where X, JJE C*‘ are 
2s-dimensional column vectors. We have 
where { , } denotes the nondegenerate skew-symmetric form in C*’ defined 
by the formula {x, y } = ‘xjzS y. Here and elsewhere jzr denotes the block- 
diagonal 2r x 2r matrix all of whose diagonal blocks are 
j2= O 
1 
( > -1 0’ 
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The action of the Lie algebra 9 = C,s@A, (respectively, of the group 
G = Sp(2s) x Sp(2)) in the space V is defined by the formula 
(X, Y)(xy)=X.(xy)-(xy). Y, 
where XE~P(~S), Y~q(2) (respectively, (g,h)(xI’)=g.(xI’).h~‘, where 
g E SP(2.71, i-l E $0)). 
First suppose that k is even. Denote by { , jk the restriction of the form 
( , } to the k-dimensional subspace { (;) E C2” 1 x E Ck } of the space C“. 
For every (2s -k) x k matrix Y and k x k matrix @ which is symmetric 
with respect to the form { , Jk we set 
It is easy to see that Z7,,, E Q,J V) and that the set of subspaces of the form 
(g, Z2)(17, v’) is Zariski open in QA( V) where g E Sp(2s) and Y (respec- 
tively, dz) ‘is a point in general position for the action of the Lie algebra 
~~(2.5 -k) @ sp(k) (respectively, q(k)) in the space of (2s -k) x k matrices 
(respectively, k x k matrices) defined by the formula 
(B,A)(X)=BX-XA, where A E sp(k),Besp(2s- k) (2.10) 
(respectively, 
A(X) = C-4 n where A E sp(k)). (2.11) 
If k = 2s, then by Proposition 2.1 all subspaces of the form 
n,= {(x&x)) XEC2‘) 
lie in the connected component of the manifold Q2,,( V) which contains the 
subspace { (0 x) 1 x E Cl’}. Denote this connected component by Qz and 
the other by Q,,,. 
The stabilizer of the subspace I7 = 17Q,y c V in g is 
A E sp(k), BE ep(2.7 - k), 
[@, A]=y~‘+2a~-p+1/.jx..‘Y.j2,, .k’ Y, (2.12) 
YA-BY=2Y(y3+a) 
1 
(2.13) 
Every matrix symmetric with respect to the form { , }z is scalar. 
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Therefore if k = 2, then 4p = AZ,, where %EC. Furthermore, 
j2. ‘!P. jzS- z. Y = &,I,, where &E C. It follows that for k = 2 the conditions 
(2.11) and (2.12) are equivalent to the following ones: y(12 + A,) + 
2crA - /? = 0, y;l + CI = 0, and the pair (B, A) belongs to the stationary sub- 
algebra of a point in general position Y for the action of the Lie algebra 
sp(2s- 2)@sp(2), defined by formula (2.10) for k = 2, which is known 
[ 16, 17) to be isomorphic to C, 2 @ A r. It follows that for k = 2 we have 
dim gn = 2s’ - 7s + 10 = dim g - dim Q,, 
i.e., the Lie algebra g = C,@A, acts locally transitively on Q2, 
Let k = 4 <s. The relations (2.12) and (2.13) imply that the subalgebra 
gn n C, c C, 0 A, consists of matrices ( { g) such that the matrix A belongs 
to the stationary subalgebra h, of a point in general position @ for the 
representation of the Lie algebra sp(4) defined by formula (2.11) while the 
pair (B, A) belongs to the stationary subalgebra hlr of a point in general 
position V for the representation of the Lie algebra ~~(2s -4)@sp(4) 
defined by formula (2.10). From [ 16, 171 we have ho 2: A, @ A, while 
$ V N C,- ., @ A, @A 1. Moreover the argument used in the proof of [ 17, 
Theorem 61 implies that the subalgebra 
f),nsp(2s-4)csp(2s-4)@sp(4) 
is isomorphic to C,sP 4, while 
bynw(4)= if)>. 
It follows that the projection gh of the Lie algebra 
gn n (~~(2s - 4) 0 5~(4)) 
to sp(4) coincides with the intersection of the Lie algebra h, and the pro- 
jection h$ of the Lie algebra h, to the second summand of the Lie algebra 
sp(2s - 4) @ sp(4). Since 
b@=bt);,1..4,OA, 
we have 
dim gh 3 dim h, + dim hb- dim sp(4) = 6 + 6 - 10 = 2. 
Therefore 
dim gn > dim gn n sp(2.s - 4) + dim gh 
>dimC,-,+2=2s2-15s+30>2s2-15+29 
=dimg-dim Q4, 
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i.e., the action of the Lie algebra g = C5 @I A, on Q4 is not locally transitive 
for s >, 4. 
Let k= 2s-2. Let us place the following additional restrictions on the 
matrices @ and Y: the matrix @ is diagonal and the 2 x (2s - 2) matrix ‘Y is 
of the form 
where ICI,, $2,...r $., ~, E C. Since the matrix di is symmetric with respect to 
the form {, }2,m 2 it follows that it has the numbers i.,, A,, A2, A, ,..., jL, ~, , 
I.,- , EC on the diagonal. One can show that subspaces of the form 
(g, Z,)(Zi’,,,), where gE Sp(2.s) and the matrices @ and Y satisfy the 
restrictions above, form a Zariski open subset in Q2,, 2. Conditions (2.12) 
and (2.13) imply that the Lie algebra gn contains a three-dimensional sub- 
algebra 
where D, is a block-diagonal 2s x 2s matrix all of whose diagonal blocks 
are B. Therefore when s 3 3 we have 
Rn33>8-2s=dimg-dime,, 2, 
i.e., the Lie algebra 9 = C, @ A, does not act locally transitively on Qz,, 2 
forI s > 3. 
Now’let k = 2s. Let @ be a diagonal 2s x 2s matrix with diagonal 
elements j*, , I,, , A,, A2 ,..., A,,, E., E C, where Ai # A, for i # j. Let 6 be a 
square matrix of order (2s-2) x (2s- 2) obtained from the matrix @ by 
deleting the last two rows and columns, and let f be a vector from C2‘ ’ 
all of whose coordinates are nonzero. Set 
n,= {(.Y@X) 1XEP) 
and 
Using Proposition 2.1, it is easy to show that Z7, E Qz. and I7,,, E Q; . 
We can also show that subspaces in V which are equivalent under the 
group Sp(2s) to subspaces of the form I7, (respectively, of the form I7,.6) 
‘(’ In view of (2.7) we are interested only in the case when .F = 3 or 4; the case s = k = 2 has 
already been considered. 
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represent a Zariski open subset in QL (respectively, in Q;;). Here the 
stabilizers of the subspaces Z7, and n,;, in g = ~~(2s) @ sp(2) are of the 
form, respectively, 
and (2.14) 
a,j3,y,i,p~C, aEC2’+I, A~5p(2~-2) 
(2~~0 + A + 2~ + i),f‘= 0, 
[~,A]=y~2+2cr~--+((f.La-a.‘f‘)jz, 2 . 
i 
A direct calculation shows that 
dim gn,,& = 2s + 3 = dim g - dim Q;, , 
i.e., the Lie algebra g = C,, @A, acts locally transitively on Q, for all s. 
Let us break up the matrix A E ~~(2s) into 2 x 2 blocks A,, 
(i, j = 1, 2,..., s). Condition (2.14) is equivalent to the following conditions: 
A ;, = 0 for i #j, A,i are arbitrary matrices of trace zero, and the numbers Y, 
/I, and y satisfy the equations 
for all i = 1, 2 ,..., s. (2.15) 
It follows that dim gne = 3s + max(3 -s, 0), i.e., 
dimgng=2S+3=dimg-dime; 
for s < 3 and 
for s > 4. Thus the action of the Lie algebra g = C, @ A, on QL. is locally 
transitive for s d 3 and is not locally transitive for s 3 4. 
HOMOGENEOUS DOMAINS ON FLAG MANIFOLDS 549 
Furthermore, the action of the Lie algebra gna n C,) in the space Z7, is 
described by the representation 
R(cp,)xvx ... xyl i r/xR(cp,)x ... xq i ‘.’ i r/xqx “’ xR(cp,) 
of the Lie algebra sA,. Therefore the Lie algebra gn@ acts locally transi- 
tively on Pr(I7;). Now Proposition 2.2 implies that the Lie algebra 
9 = C,, @ A, acts locally transitively on Qzs _ , if and only if it acts locally 
transitively on QL . Therefore the action of the Lie algebra 9 = C,, 0 A, on 
Q,,, ~, is locally transitive for s < 3 and is not locally transitive for s 3 4. 
When s = 2, the system of equations (2.15) has a nontrivial solution, i.e., 
the subalgebra gr,, has a nontrivial intersection with the second summand 
of the Lie algebra g = C, @ A ]. This easily implies that the action on Q4 of 
the Lie algebra A, 0 A, defined by the representation R(3q, ) x R(cp, ) 
(representation 15 of Table I) is not locally transitive. 
By (2.7) it remains to consider the cases k = 1 and k = 3. It is not hard to 
show that the Lie algebra 9 = C,@ A, is locally transitive on Q,(V). Let 
x @x 
n= 
Ii 1 
0 x XEC? EQ~ 
0 0 
1 
where 
10 0 
@= 0 l-l. 
i 1 
01 0 
A direct calculation shows that 
dimg,=2s2-lls+15=dimg-dime,, 
i.e., the Lie algebra 9 = C, @ A, acts locally transitively on Q3( V) for s > 3. 
This completes the analysis of representations 24 from Table I. 
Representations 5 and 6 of Table I. One can show that for a suitable basis 
of the space V (namely, in the basis consisting of appropriately chosen 
weight vectors) the action of the Lie algebra 9 may be written in the form 
g=G,= 
aI a h g I m 0’ 
d a1 c h n 0 pm 
6' f 03 k 0 --n -1 
-2n 21 -2m 0 -k -h -g 
h -g 0 2m -(I? --(' -h 
-k 0 g -21 -.f -a2 -a 
0 k -12 2n --c -d -a, 
a,+u2+a,=0 
i 
(2.16) 
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for representation 5 of Table I, and in the form 
g=B,= 
aI a h c p q r 0‘ 
d a2 e ,f s I 0 -r 
g h a3 k L‘ 0 -f -q 
I m n a4 0 --u -.Y -p 
--t q --I 0 -a4 -k -,f -c 
s -p 0 r --n -a3 --e -h 
--LI o p -q -tn -h -a, -a 
0 t’ -5 t -h --g -d -a, 
, 
, 
J 
rr,+a,+a,+a,=O ) 
for representaion 6 of Table I. 
In both cases we have the decomposition so( I’) = g + b where b is the 
Bore1 subalgebra of the Lie algebra so(V), which consists of all lower 
triangular matrices which are skew-symmetric with respect to the auxiliary 
diagonal. This implies in view of Remark 0.2 that the Lie algebra g acts 
locally transitively on the manifold L/B where B is a Bore1 subgroup of the 
group L = SO(V). Therefore the Lie algebra g also acts locally transitively 
on L/P, for all possible k (see Proposition 0.3). 
Representation 7 of Table I. It is proved in [21, Proposition 51 that the 
Lie algebra g = B, in this representation acts locally transitively on Q,(V). 
Let gn be the stationary subalgebra of the subspace 17~ Q,J V) in the Lie 
algebra g. Let n, be a point in general position for the reaction of the Lie 
algebra g on Q,( I’). Obviously, if n, c 17, E Qk (1 d k d 8) then 
dim gm < dim(g,, n gn,) + dim Pr 17k = dim(g,, n gn,) + k - 1. 
One can deduce from the proof of [21, Proposition 53 that 
(2.17), 
gn,=(G,OT,)+U, 
and that the nilradical U, of the Lie algebra gn, acts nontrivially in the 
space Z7tjI7,. It follows that the action in Z7f/n, of the Lie algebra gn, 
and therefore of its subalgebra gn, is reducible. It is easy to see that 
dim I7:/Z7, = 14 and that the action of the Lie algebra gn, in the space I7: 
is effective. Therefore the action of the subalgebra Gz c gn, in Z7:/Z7, may 
be described by one of the following two representations: 
(a) R(cp,) i R(cp,); 
(b) NV,) 4 7~. 
Let us prove that the case which actually occurs is (a). Suppose the con- 
trary, i.e., that the case (b) occurs. Then the subalgebra G2 c gn, acts 
trivially on some nonisotropic 7-dimensional subspace of the space I’, and 
in particular vanishes on some nonisotropic vector u E I’. Then the Lie 
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algebra G, is contained in the stationary subalgebra of the vector u in the 
Lie algebra B, whose action in the space V is described by the represen- 
tation R(cp,) i R(cp r ) -i- q of the Lie algebra B,. It follows that the action 
of the subalgebra G, c B, in the space V is described by the representation 
R(go 1) -k R(cp ,) 4 2q, which contradicts our assumption. 
Thus the action of the subalgebra G2 c gn, in the space I7:/Z7, is 
described by the representation R(cp,) $ R(cp,). It follows that the action 
of the ideal G, + U, c gn, in the space I7:/I7, is given in a suitable basis by 
matrices 
(2.18) 
Here A runs through the set of matrices (2.16) and B independently of A 
runs through the set of matrices 
cf. 0 0 a i’ 9 0 
0 c? 0 ‘r’ [ 0 -‘1 
0 0 !x 6 0 -< -( 
i -( ‘1 0 -6 -li’ -p 
-27 2/3 0 -iy -x 0 0 
26 0 -28 5 0 -a 0 
0 -26 27 -< 0 0 --x 
/ 
i ‘> (2.19) 
where SO(~) = Gz 4 nt. Fix a basis in the space I7+/I7, in which 
endomorphisms from Gz + U, are given by matrices (2.18) (2.16) (2.19). 
Now let us prove that the center T, of the semisimple part G,@ T, of the 
Lie algebra gn, acts nontrivially in the space Z7fjZ7,. Suppose the contrary; 
then the Lie algebra T, acts trivially on some 14-dimensional subspace 
V,, c V and therefore on the 13-dimensional submanifold K,,(, c K,,. Since 
dim r,,(g)= 11 (see [21]), it follows that 
Kv,\r,,(g) Z Izr, 
and therefore there is a vector USE KL,\ {O} such that T, L’~= {O} and 
g(u,) E II, for some gg Spin(9). Let 9,” be the stationary subalgebra of the 
vector u0 in the Lie algebra g. Then 
Ad gk,,) = Gz + UT = gn, 
and therefore the Lie algebra G, + U, contains a one-dimensional reductive 
subalgebra Ad g( T,) which acts trivially in the lCdimensiona1 subspace 
g( VO) c V and therefore in some 12-dimensional subspace of the space 
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Il:/Z7,. But this contradicts formulas (2.16) and (2.18). Thus the action of 
the Lie algebra gn, in the space I7:/Z7, in our fixed basis may be written as 
follows: 
!h7! I n:!“, = i( A+t B o AEG2, BEnI, tEC . A-t (2.20) 
Let 71: Z7: + Z7:/Z7, be the natural projection. 
The Case k = 2. Let l2 be the isotropic line in Z7:/Z7, of the following 
form in our basis: 
and set 17, = rt -‘(I,). Obviously, Z7, c I7, E Qz( V). Formulas (2.16), (2.19), 
(2.20) imply that 
dim(g,, n gn,) = 10. 
It follows in view of inequality (2.17), that 
dim gnz < 11 = dim g - dim Q,( V). 
Therefore the Lie algebra g = B, acts locally transitively on Qz( V). 
The Case k = 3. Let I, be the totally isotropic plane in I7t/I7, of the 
following form in our basis: 
and set 17, =rc ‘(f3). Then I7, c Z73~Q,( V), and formulas (2.16), (2.19), 
(2.20) imply that 
dimh, n G,) = 1. 
Now inequality (2.17), implies that 
dim gnl < 3 = dim g-dim Q3( V), 
i.e., the Lie algebra g = B, acts locally transitively on Q3( V). 
The Cases k = 8 and 7. Let f: and I: be totally isotropic 7-dimensional 
subspaces of Z7:/Z7, of the following form in our basis: 
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and 
dim(I7; n II;) = 7 f 8 (mod 21, 
it follows by Proposition 2.1 that subspaces Z7; and I7; lie in different con- 
nected components of the manifold Q8( V). Using formula (2.20) one can 
show that 
Now inequality (2.17), implies that 
dim ~~66 9 (i= I, 2). (2.21 ) 
Denote by W the space of the simplest representation R(cp, ) of the Lie 
algebra g = B,. Let w be a nonisotropic vector in W and g,, its stationary 
subalgebra in CJ. The restriction of the spinor representation R(cp,) of the 
Lie algebra g in the space V to the subalgebra g),.c g splits up into the 
direct sum of two semispinor representations pi = R(cp,) and p4 = R(cp,) of 
the Lie algebra gVC N II, which act in nonisotropic 8-dimensional subspaces 
V, = v;’ and Vz = I$‘, respectively. 
Let o1 be the outer automorphism of the Lie algebra g,, 2 D4 which 
induces the permutation (1)(2)(3 4) of the simple roots of this algebra. 
There is an isometric map x H X of the space V, onto V2 such that 
for all X E CJ,~ and x E I/, 
It is easy to see that the set of linear subspaces in V of the form 
- 
n,;= {x+&iFx 1 .YE V,), 
where F is an orthogonal transformation of the space V, , is a Zariski open 
subspace of Q,(V). Here 
dim(I7,,nI7,)=dim{xE V, 1 F;‘F,x=x) 3 
1 - det(F,- ‘F, ) 
2 
(mod 2). 
By Proposition 2.1 the subspaces nF, and I7,, lie in the same connected 
component of the manifold Q,(V) if and only if det F, = det F2. The con- 
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netted component of the manifold Q, which contains n, will be denoted 
by Qc, and the other component by Q,-. 
It is easy to see that 
glltng,, = {XEg,,, I p3(X)=F~‘.~3(0,(X)).F1. 
Let oF be the automorphism of the Lie algebra g,, given the the formula 
fl,(W=p, ‘(F--I ~P,(al(w)‘F). 
In this notation we have 
h+ng,,.= iXEg,+ I a,dW=W 
If det F = 1, the automorphism Ok induces the permutation (1)(2)(3 4) of 
the simple roots of the Lie algebra g,,, E D,, and if det F= -1, then it 
induces the permutation (1 4 3)(2). 
The fixed point set of an automorphism c of a Lie algebra a will be 
denoted by a”. Let C@‘z be the set of automorphisms of a semisimple Lie 
algebra a which induce a given permutation E of the set of its simple roots, 
and suppose an automorphism u from cd= satisfies 
dim a” = min dim a’. 
T t 42 
Then [23] proves that the Lie algebra a” is isomorphic to T, where c is the 
number of independent cycles of length greater than or equal to 1 in the 
permutation C. It follows that Q$ has Zariski open subsets I”: such that 
gm n g,V N T, for all no Pt and gn n g,,. ‘Y Tz for all n E c’ ,I, .
Fix a subspace Z7 from 6 ,t (respectively, from C’,; ) and note that the set 
(respectively, 
is Zariski opne in W. Therefore for every subspace I7 E 6,: (respectively, 
IKE @,; ) the stationary subalgebra in general position for the action of the 
Lie algebra gn in W is isomorphic to T, (respectively, T2). Inequalities 
(2.21) imply that there are Zariski open subsets P* c Cz such that 
dim gn<9 for all I7~0’. 
Let Z7+ c L”+ and let S+ be a maximal reductive subalgebra of gn+ 
Then S+ is a reductive subalgebra of g = SO( W), dim S+ < 9, and the 
stationary subalgebra in general position for the action of S’ in W is 
isomorphic to T,. It follows that 
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Since 
dim g,, = 9>8=dimg-dime,+ 
for all ff+ ~6 of, the Lie algebra g = B, does not act locally transitively on 
Qg. In view of Proposition 2.2 the Lie algebra g does not act locally transi- 
tively on Q,(V), either. 
Now let Up E 0 and suppose B is a maximal reductive subalgebra of 
gn . Then B ~ is a reductive subalgebra of SD(W), dim K 6 9, and the 
stationary subalgebra in general position for the action of 5 in W is 
isomorphic to T,. These conditions are satisfied only by the live linear Lie 
algebras B listed in Table VII. 
Let s,, (E T,) be the stationary subalgebra of a point in general position 
~L’E W for the action of the Lie algebra s in W, and let p be a Cartan sub- 
algebra of the Lie algebra g,J =D,) such that p contains s,, . The last 
column of Table VII gives the equations which define s,,. in p. Here the 
imbedding of the subalgebra s,,. in p is given up to a transformation from 
the Weyl group of the Lie algebra $I,,. z D,, while F,, Ed, s3, sq denote a 
basis in p* such that the simple roots are 
It is easy to see that the permutation (I 4 3)(2) of the simple roots of the 
Lie algebra t~,~ 2 D, defines a subspace in p which is given, up to transfor- 
mations from the Weyl group, by the equations c, + c2 + cJ = cq = 0. Now 
Table VII shows that the action of the Lie algebra 5 in W-is described by 
the representation R(cp, + cpz) i v of the Lie algebra A?. Since 
dim gn d 9, we have either gn- = s or gn- = 5 + U,. Since the restric- 
tion of the adjoint representation of the Lie algebra R = B, to the sub- 
algebra 5 = A, is 
TABLE VII 
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the linear Lie algebra ad,(e ) does not have any invariant one-dimensional 
subspaces in g, and hence gn = 5 = A,. Thus 
dim g,] = 8 = dim q -dim Q8 
and therefore the Lie algebra g = B, acts locally transitively on Qx . This 
completes the analysis of representation 7 of Table I. 
Representations 8 (.fbr k = 4), 9 (,for k = 5), I I (,jbr k = 2), and I2 (,for 
k = 7) qj’ Table I. We will explicitly describe subspaces Z7, U’ E Q,( V) such 
that 
dim gn = dim qn, = dim g - dim Qk( I’), (2.22) 
where for k = f dim V the subspaces n and n’ lie in different connected 
components of the manifold Q,( V) (see Proposition 2.1). The equalities 
(2.22) imply that the Lie algebra 9 is locally transitive on every connected 
component of the manifold Q,(V). To describe the subspaces 
I7, Z7’ E Qk( V) we will use the notation for the roots of simple Lie algebra 
adopted in [62, pp. 195-1961; the symbol I[[>,, r?,..., cV] will denote the 
linear span of the vectors t:, ~1~ ,..., 11,. E V. The dimensions dim g,, and 
dim G,,, may be computed directly by determining the rank of the system of 
linear equations defining the subalgebras q,, and R,/, in n, 
Representation 8 of Table I. Let e, be the root vector corresponding to 
a root a # 0 of the Lie algebra 9, where (c,, c .) = I. Furthermore, let e(, 
and e;, be two nonlinear isotropic vectors in the Cartan subalgebra of the 
Lie algebra $3. Set 
n=l[e,, r,re,., !?+e,, ,2’(Ji.2 ,:-f’s2 ,,,~~Ol~ 
and similarly for I7’ with eg replaced by e;,. 
Representation 9 of’ Table I. Let pl, eo, and c; be the same as for 
representation 8. Set 
fl=K+,,+e I, >22c’,,+,2-e 2,,3e,., ,2+c> 21q3p2i,-e,, $,>~~,,I, _ _ 
and similarly for Ii” with eg replaced by r;, 
Representation 12 qf Table I. The weights of the representation R(cp,) 
of the Lie algebra 9 = C, are fc, + E, (1 d ij d 3; i #,j) (with mulitplicity 1) 
and 0 (with multiplicity 2). Let ei,J;, hi (i = 1, 2, 3) be the canonical system 
of generators for the Lie algebra 9 (see, for instance, [23, 621) and let 
Jj=u ,:,+ci.? be the highest weight vector of the representation of the Lie 
algebra g in the space V. Given a nonzero weight 1. of this representation, 
we denote by L’; the weight vector of weight i. which has the form 
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,f,,,f;, . .,f;., j and by ug and ub two noncolinear isotropic vectors of weight 0. 
Set 
li 8.2 / 3 +t’-s.2 r:,,U>,-r:,+vi.~ ,.,9V,, f?+UL3 ,,> Vol. 
and similarly for II’ with v0 replaced by 11;. 
Representation 11 cf Table I. The weights of the representation R(44~, ) 
of the Lie algebra n = A, are k 4~~ , k 2~,, 0 (all with multiplicity 1 ). Set 
where U; is the same as for representation 12. 
2.3. Pro?f of’ Theorem 2.1 (the end) 
Let us prove the local transitivity of the linear Lie algebras 8-15 of 
Table I on the quadric Q,(V), and explain how to fill in the last two 
columns for these representations. 
Let gR be the isotropy subalgebra of an irreducible symmetric Rieman- 
nian space of rank 2 acting in a real vector space VR, and let 11 and V be 
the complex hulls of the Lie algebra gR and the space VR, respectively. The 
complex representation of the Lie algebra 9 in V is the complexification of 
the real representation of the Lie algebra gR in VR. All the representations 
8-15 of Table 1 may be obtained by this construction. 
Let us put the structure of a Lie algebra on the space g=g i C’ 
obtained as the complexification of the Lie algebra gR $ VR of the group 
of isometries of the corresponding compact symmetric Riemannian space 
M. Let G be the connected component of the identity of the group of inner 
automorphisms of the Lie algebra 3 which preserve the subspace Vc FJ. 
Here the subalgebra 9 c $ coincides with the Lie algebra of the group G. 
We will show the following three facts: 
(a) the group G has exactly two algebraically independent invariant 
polynomials on V. These polynomials are f,(.~) = (.u, X) and the 
homogeneous polynomial ,fz(x) of degree given in the penultimate column 
of Table I; 
(b) I’o,(~) = Q, n {pr -y I .f;(-u) = 0); 
(c) tj”’ FE b 
Let tR be a maximal commutative subspace of VR and let t be its com- 
plex hull in V. 
Proof 9f’Assertion (a). The set of elements of V which are semisimple in 
the Lie algebra 3 is Zariski open in V, and the G-orbit of every such 
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elements meets the subspace t c V (see [36, Theorem 11). Therefore every 
G-invariant polynomial on V is uniquely determined by its restriction to t. 
On the subspace t, such a polynomial is invariant under the Weyl group 
generated by reflections in the simple roots of the symmetric space M. The 
reduced root systems of symmetric spaces, whose isotropy representations 
are contained in Table I, are” (see [38]): 
Representation Root system 
8, 11, 12, 13 A2 
9. 14 (‘2 
10, 15 G2 
It is well known (see, for instance, [9]) that the rings of polynomials 
invariant under the corresponding groups generated by reflections have 
two generators of the following degrees: 
Degrees 
2 and 3 
2 and 4 
2 and 6 
Root system 
A2 
CZ 
G>. 
Proof of Assertion (b). Since all the representations 8-15 of Table I 
satisfy dim V> 2, the algebraic variety Q,(V) is irreducible and therefore 
dim(Q,n{prxIf2(x)=O})<dimQl. 
Now the variance of the polynomial f*(x) implies the inclusion 
To prove the opposite inclusion it suffices to show that if x,, x2 E K,, and 
,f2(xi)#0 (i= 1, 2) then gx, =A,~, for some gEG and E.EC*. 
Let xi = XI’) + XI”) be the Jordan decomposition of the vector x, (i = 1, 2) 
into the semisimple component XI”) and the nilpotent component XI”) which 
commute with each other (see [36]). It is easy to see that (xj”, XI”‘) = 
(xl”‘, x(“‘) = 0, and hence 
(AT,“‘, xi%‘) = (x;, Xi) - 2(x!>‘, xj”‘) - (.xp, xj”)) = 0. 
Since f2(xi) #O, we have x]>) #0 (see [36, Proposition 111). By [36, 
Theorem 11, there are elements g, E G such that g,(xj,“) E t (i = 1, 2). 
” Here irreducible reduced root systems are denoted by the same symbols as the 
corresponding simple complex Lie algebras. 
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Let y be a nonzero isotropic veector in t. Then J’ = a + fi h, where 
a, bEtR and 
i.e., (a, a) = (b, b) and (a, h) =O. Since JJ#O and dim t =2 while the 
restriction of the form ( , ) to VR is positive definite, the vectors a and h 
form a basis of the space tR over R and therefore span the space t over C. 
Let c(: t -+ C be a root of the symmetric space M such that 
a(y) = cY(cI) + J-1 z(b) = 0. 
Since gR + VR is a compact real Lie algebra, we have 
cc(tR)CfiR, 
therefore cc(a) = a(b) = 0, and hence CI = 0. Thus a nonzero isotropic vector 
in t never vanishes on any root. 
In particular, this is true of the vectors g,(xi”) (i= 1, 2). It follows (see 
[36]) that the centralizer of the vector g,(x)“) in V coincides with t, 
therefore g,(xi”)) = 0 and hence x, (‘I) = 0 and x, = xiA’. Since dim t = 2, the 
space t has only two isotropic lines which are equivalent under the Weyl 
group and therefore under the group G as well. Therefore there are i. E C* 
and g’E G such that g’(g,(.u,)) = “.g2(.y2) or gA ‘g’g,(.u,) = E:.Y,, as 
required. 
Proof qf Assertion (c). Let x and q = pry be points in general position 
for the action of the Lie algebra g in V and on Q,( V), respectively, and let 
9,, g.V, and gy be the stationary subalgebras in g of the points XE V, J’E K,,, 
and q E Q ,( V), respectively. Since ,fi( y) # 0, we have gy = q,.. In proving 
assertion (b) it was shown that we may assume that x, 4’ E t and that the 
vectors x and y do not vanish on any root. It follows that the stationary 
subalgebra in 9 of a regular vector from t coincides with the centralizer 
z,(t) in 9 of the subalgebra t c 3. In particular we have 9, = g, = z,(t), as 
required. 
It remains to note that the subalgebras 1)” in Table I are taken from 
[ 16, 171, while the subalgebras l)@ and the sets Tu,(g) have been com- 
puted directly for representations 1-4, borrowed I2 from [ 191 for represen- 
tation 5, and from [21] for representations 6 and 7. Theorem 2.1 is now 
proved in its entirety. 
” The subalgebra but and the set Ta,(g) for representation 5 of Table I can also computed 
directly using formula (2.16). 
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2.4. Proqf of Theorem 2.2. 
Let V= Cy=, V, be the decomposition of the space V into subspaces 
irreducible with respect to the Lie algebra 9. Since the subspaces V, 
(1 < i < m) are isotropic and irreducible, they are totally isotropic. Suppose 
that m 3 3. By assumption the g-invariant proper subspace V, $ V, c V is 
isotropic. Therefore there are vectors u, E V, and ui E V, such that 
O#U,+U,E V,‘n V:. 
We may assume without loss of generality that U, # 0. Then 
(u,, V,)= (u,+v,, C’,)= (O}, 
and hence L’,E V, n V,‘. Since the subspace V, is irreducible we have 
V, c V:. Thus ( V,, V,) = (0) for all i,j= 1, 2 ,..., m which contradicts the 
fact that the form ( , ) is nondegenerate in V. Therefore m = 2. This proves 
assertion (i). 
To prove assertion (ii) it suffices to point out that the mapping 
M: V, + Vf acting by the formula a(c.,)(u, )= (11,) ~1~) is an isomorphism of 
q-modules. 
Now suppose properties (i) and (ii) of Theorem 2.2 are satisfied. Set 
9’= CK? RI. 
LEMMA 2.1. Suppow the action of the Lie ulgehru g’ in the space V, is 
described by the tensor product of the simplest representations of Lie 
algebras cl(r) and 51(s), M,here 2 < r < .s, and suppox the Licl ulgehra 9 acts 
loc~ll~~ transitively on Qh( V). Then k = 1 und r = 2. 
Proof: If s/r < k < $ dim V = rs, then the inequality 
dim(sf(r)@$.s))>dim Ql(V)- 1 
is satisfied only for r = s = 2 and k = 4. It is not hard to check that in this 
case also, the Lie algebra g cannot act locally transitively on Q4( V). 
If s 3 kr, then the stationary subalgebra in general position for the action 
of the Lie algebra g’ in Gr,( V) contains a subalgebra isomorphic to 
51(.s - kr). Therefore in this case the Lie algebra TV is locally transitive on 
Qk( V) only if the following inequality is satisfied: 
dim(ef(r) @ 51(s)) - dim A(.s - kr) > dim Qk( V) - 1, 
which is impossible for k 2 2. 
Let k = 1. The Lie algebra 9 is locally transitive on Qk( V) only if 
6,,=dim V-dimq+dimh’<2, 
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where h” is the stationary subalgebra in general position for the action of 
the Lie algebra LJ in V. A direct calculation shows that 
hC=sl(s-r)@T, , 
if CJ = CJ’, and 
ljL’rzz$(.v-r)@T,. 1 
if g=g’@T,. Hence 6,,=r or (when S=Y and ~]=cJ’) r+ 1. Lemma 2.1 is 
proved. 
Let g’ = @:_, g, be the decomposition of the Lie algebra 9’ into the 
direct sum of simple components, so that the representation of the Lie 
algebra 9’ in V, is the tensor product of irreducible representations of the 
Lie algebras 9, in vector spaces of dimensions s, (i= 1, 2,..., 0, where s, 3 
s,> “. > s, > 2 and n:=, s, = dim V, = n/2. The actions of the Lie algebra 
CJ’ in V, and in V may obviously be extended to actions of the Lie algebra 
sl(s,)@ ~l(ni- z s,) in the same spaces. Lemma 2.1 implies that if I> 2 and 
the Lie algebra TV acts locally transitively on Qn( V), then k = 1 and either 
nr_,s,=2 or s, =s2= ... =.s,=2. In the first case we have /=2 and in 
the second 16 3, since if I< 4 then the actions of the Lie algebra q’ in V, 
and in V may be extended to actions of the Lie algebra sl(4) @ sl(2’ ‘) and 
by Lemma 2.1 the Lie algebra CJ cannot act locally transitively on Q,( V). 
Thus if the Lie algebra g acts locally transitively on Qk( V) then either 
the Lie algebra 9’ is simple, or I; = 1 and 9 = g, @ sl( 2) where g, is a simple 
Lie algebra, or k = I and 
It is easy to see that among such linear Lie algebras, the only ones that 
satisfy the condition 
dim 9 3 dim Qk( V) - I 
are, for k = 1, the linear Lie algebras contained in Table VIII and those 
contragredient to them, and for k 3 2, the classical linear Lie algebras 
51(n/2), so(n/2), and 5p(n/2) (and even then not for all k). 
In Table VIII the symbol h”” (respectively, I)“‘) denotes the stationary 
subalgebra in genera1 position for the action of the Lie algebra n’ in V, 
(respectively in V), and 
fi,,. = dim V - dim 9’ + dim h’ “. 
(In computing the stationary subalgebras h”” and h” we used the results of 
116, 171.1 
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TABLE VIII 
n’ Representation 
CA for .s = 2k - 1 
c, + (/:A for .Y = 2k 
[q] A, 3 [+ 
3 
72 1 WV,) 
s 2 3 4vJ 
s > 3 Simplest 
.F 2 2 R(v,) 
R(v?) 
&VT) 
R(v,) 
s 3 2 R(v,)xR(v,) 
R(v,) 
R(e) 
R(v)) 
R(v,) 
NS)OA,, s > 8 Simplest x R( cp, ) 5O(S-2)@T, 5o(s - 4) I 
C,OA,, s 2 2 Nv,)xR(v,) c, lOA, c, 20T, 4 
If the Lie algebra (1 acts locally transitively on Q,(V) then 6,~ 2 where 
6,,=dim V-dimg+dimh” 
is the transcendence degree over C of the ring of g-invariant polynomials 
on P’ (here b’ is the stationary subalgebra in general position for the action 
of 9 in I’). Since dim g/t~‘< 1, we have fi,. d 3; note that if 6,. = 3 the 
g = 9’0 T, Now an analysis of Table VIII shows that if the Lie algebra $1 
acts locally transitively on Q,( V) then its action in V, (up to the passage to 
the contragredient action) is described either by one of the representations 
of Table II or by representation R(qoz) x E of the Lie algebra A, 0 T, A 
direct calculation using the results of [ 16-18, 211 allows one to show that 
all linear Lie algebras of Table II act locally transitively on Q,( V), and to 
find the sets To,(g) and the stationary subalgebras in general position for 
these actions. The results of [18] imply that the linear Lie algebra 
described by representation R(cp,) x E of the Lie algebra A, @ T, does not 
act locally transitively on Q1( I’). 
Now suppose k > 2, and let 9’ be one of the classical linear Lie algebras 
sI(n/2), eo(n/2), or ~~(42). Let IKE Qk( V), let ni (i= 1, 2) be the image of 
the projection of the subspace Z7c P’ to V,, defined by the decomposition 
V=I’, i V,,andletF,=I/,r\~~.Setk=Oifkisevenandk=l ifkis 
odd. If k < n/2 then the set 
{UE Qk( V) I dim n, = k, dim Z7, n n; = k) 
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is Zariski open in Qk( V) and every subspace from this set may be written 
as 
n= ix+.f(x) I XEn,}, 
where ,f: Z7, + Z7? is a linear map such that the bilinear form (j”(x), J) on 
n, is skew-symmetric. Therefore (see Proposition 0.1) the Lie algebra g is 
locally transitive on Qk( V) for even (respectively, odd) k if and only if g 
acts locally transitively on the direct product Gr,( I’,) x Gr,,;* k( V,) 
(respectively, on its submanifold 
and the stationary subalgebra in CJ of a point in general position (n, , i7’, )
for this actions acts locally transitively in the exterior square of the space 
n,. It follows that g = 91(n/2) or sl(n/2), and also sp(4) or sp(4) @ T, when 
n=8 and k=3. 
If n/2 is odd, then a similar argument shows that among the classical Lie 
algebras” those that act locally transitively on Q,112( I’) are gl(n/2), ol(n/2), 
and (when n = 6) SO(~) 0 T, ; note that they act locally transitively on both 
connected components of the manifold Q,, *. 
If n/2 is even, denote by Q;* the connected component of the manifold 
Q& V) containing the subspace V,, and by Q,,., the other component. One 
can show the following three facts: 
(i) the Lie algebra gL(n/2) acts locally transitively on both connec- 
ted components of the manifold Q,,,2; 
(ii) the Lie algebras sI(n/2) and (for n = 8) ep(4)@ T, act locally 
transitively on Q,;,z and do not act locally transitively on Q,:2; 
(iii) the remaining classical Lie algebras” do not act transitively on 
Q,, 2.
Theorem 2.2 is proved. 
2.5. Reductive Subgroups of Reul Pseudo-orthogonal Groups Locctlly Trunsi- 
tive on Quadrics 
In this section, unless stated otherwise, all vector spaces, Lie groups, and 
Lie algebras are assumed real. 
Let V be the n-dimensional vector space together with a nondegenerate 
symmetric bilinear form ( , ), and let Q = Q, ( V) be the corresponding 
quadric. The Witt index of the form ( , ) will be referred to as the index of 
the quadric Q and denoted by ind Q. We will assume that the form ( , ) is 
indefinite, i.e., ind Q > 0. 
” What is meant here is that CJ’ = [a, CJ] is one of the classical linear Lie algebras. 
564 BORIS KIMELFELD 
The action of the group O(V) may be extended by linearity to the com- 
plex hull F’ of the space V; the extended action preserves a nondegenerate 
symmetric bilinear form ( , )’ in F extending the form ( , ). The 
corresponding complex quadric will be denoted by Q’. The natural 
imbedding V-+ P’c defines an imbedding Q + Qc. 
THEOREM 2.8. A suhalgehra g c so(V) acts locally transitively on Q (f 
and only if its complextfication gc acts locally transitively on Q’. In such 
case w,e have 
I-y(g) = Q n &hf‘). (2.23) 
!f in addition the Lie algebra g is reductive, then one (?f’ the ,follow,ing three 
cases occurs. 
(a) The Lie algebra g is irreducible in V. In this case the action of $1 in 
V is described either by one qf the representations qf Tables IX, X, and XI, 
or by the real form of one of the complex representations 1-7 qf Table I 
(here ind Q=n/2), or by the spinor representationJ4 R(q3) + R(cp,) qf one 
qf the Lie algebras so( 1, 7) or so(3, 5) (here dim V= 16, ind Q = 8). 
(fl) The Lie algebra g is w>eakl-y reducible in V. In this case 
V= V, $ V,, where V, and V, are g-invariant totally isotropic subspaces 
such that ind Q = dim V, = dim V, = n/2, while the action qf the Lie algebra 
g in V, is irreducible and contragredient to its action in V,. Up to the 
passage to the contragredient action, all the possible actions of‘ g in V, are 
either those given in Table XII or (when dim V, = 2m) the actions defined by* 
an arbitrary subalgebra qf the linear Lie algebra gl(m, C) containing 
sI(m, C) or q3(m, C). 
(y) The Lie algebra g preserves a nonisotropic proper subspace 
W, c V. In this case we have 
f&l = pr((K,, + K,J\ {O)), (2.24) 
where W, = W:. The action of g in V is described as ,follows: 9 c g, @ gZ, 
where g, ( j = 1, 2) is the Lie algebra qf endomorphisms of the space V whose 
action in W, I is trivial and in W, is described by one of the representations 
contained in Tables IX, XIII, and XIV. Furthermore, with the exception oj 
the cases listed in Table XV, we have the inclusion g 3 gy Q gi where gP is the 
ideal of maximal dimension in g, (,j = 1, 2). 
In Tables IX-XV, the column marked “representation” gives the com- 
plexification of the corresponding representation in V (Tables IX, X, and 
XI), in V, (Table XII), and in W, or W, (Tables IX, XIII, XIV, and XV). 
I4 What is meant here is the representation of the Lie algebra qC 2 D, in the space V. 
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TABLE XIII 
Representation 2 Wcp,) i- R(cp,,-1) R(cp,)xr: i R(cp,,,- ,)X6 NV,) + R(cp,,, I) 
Dimension 3 2m 
Index of the form 4 2P m 
2 R(cp,) + WV,) R(cp,)xs i R(~I,)xH’ R(cpd 4 R(cp,) 
3 4m 
4 4P 2m 
TABLE XIV 
a Representation 
50(m), 
v(m)Ow(lh 
G ?,-14, 
5N7) 
--J(9) 
rn > I 
m>2 
Simplest 
R(cp,)xR(cp,) 
WV,) 
R(R) 
R(cp,) 
TABLE XV 
n dim V ind Q Action of g on W, Action of 9 on Wz 
51(2, R) 0 5U2, R) 
si((2) @ G(2) 
8 
4 R(cp,)xR(cpA vxR(cp,) + vxRR(cp,) 
5U R)OgW, R) 
5li(2)0f(2) 8 4 R(cp,)xR(cp,)xv ‘~xR(cp,)x~ ‘1xR(cp,)xc’ + 
=(3,4) 
50(7) 15 7 R(cp,) R(cp~) 
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Before turning to the proof of Theorem 2.8, let us state in a form con- 
venient for us some of the results of the theory of irreducible represen- 
tations (i.r.) of real Lie algebras (see [IO] or [22]). A real i.r. is called 
absolutely irreducible or i.r. of class I, if its complexification is irreducible 
over C. A complex i.r. belongs to class I if it is reducible over R. All other 
i.r. are said to be of class II. 
THEOREM 2.9 (E. Cartan, see [lo] or [22]). Let p he a real i.r. of the 
Lie algebra g in the space V. Then the ,following three conditions are 
equioulen t: 
(i) the representation p is of class II; 
(ii) the complex$cation of’ the representation p splits up into u direct 
sum of tw’o complex-conjugate complex i.r. p, and p2 of duss II; 
(iii) the linear Lie algebra p(g) preserves some complex structure in V 
und therefore d<fines u complex i.r. p qf class II of‘ the Lie algebra CJ of 
dimension 4 dim V. 
If these conditions are satisfied, the complex i.r. J is equivalent either to 
p, or to ~1~ and every g-invariant complex proper subspace of vc‘ can be 
written as 
{x+ijx 1 XE V}, (2.25) 
where j is a g-invariant complex structure in V. (Here and elsewhere in this 
section i = fl.) 
Proof of Theorem 2.8. We will subdivide the proof into several steps. 
Step 1. Denote by h (respectively, h’) the stationary subalgebra of 
some point q E Q c Qc in the Lie algebra g (respectively in gc). It is easy to 
see that the subalgebra h“ coincides with the complexification of the sub- 
algebra h E g. Therefore 
dim et(q) = 2 dim, s’(q) = 2(dim, g’ -dim, 6“) 
= 2(dim g -dim h) = 2 dim g(q). 
This implies the relation (2.23) as well as the fact that if g is localy transi- 
tive on Q then 9 c is locally transitive on Qc. The converse implication 
follows from the fact that the quadric Q is Zariski dense (over the field C) 
in Q’, and the set f,,(gC) is Zariski closed inQ(‘. 
Step 2. By step 1 and Theorem 2.9, a subalgebra (3 c SO( V) which is 
absolutely irreducible in V acts locally transitively on Q if and only if it is 
the real form of an irreducible complex subalgebra 9“ c SO( vc‘) acting 
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locally transitively on Qc; here the action of g in Vc is reducible over R, 
i.e., is described by a complex i.r. of class I. All irreducible complex sub- 
algebras of so(p) which are locally transitive on Q’ are listed in Table I 
(Theorem 2.1), and all of their real forms reducible in Vc (over R) are 
listed in Tables IX and X. 
In compiling these and subsequent tables we used the results of [53] to 
determine if a given real Lie algebra is reducible in Vc over R, and we used 
the results of [28] to compute the index ind Q. 
Step 3. Suppose the action of a subalgebra g c 40( V) in V is described 
by a real i.r. of class II. Denote by 9 the algebra of endomorphisms of the 
space V which commute with the action of the Lie algebra g. Schur’s 
lemma implies that 9‘ is a division algebra over R. Frobenius’s theorem, 
combined with the existence of a g-invariant complex structure in V, 
implies that the algebra 3 is isomorphic either to the quaternion algebra H 
or the field Cc H. In either case there is a monomorphism h: Y -+ H. 
Denote by H, c H the space of purely imaginary quaternions, and set 
The space of operators from 2 which are symmetric with respect to the 
form ( , ) will be denoted by 5‘. 
Step 4. First suppose that 9%“” n Y0 # {O}. Then there is a symmetric 
operator j E 9 such that j* = -I. The operator ,j defines a g-invariant com- 
plex structure in V and the formula 
(x,y)=(x,??)-i(jx,L’) 
defines a g-invariant symmetric bilinear form on the corresponding com- 
plex space of dimension f dim I’. Therefore g c BO(~ dim I’, C). 
It is easy to see that the set { pr x 1 (x, x) = i} is open in Q. Therefore the 
Lie algebra g acts locally transitively on Q if and only if we have the 
decomposition 
so(f dim V, C) = g + 50(4 dim V- 1, C). 
Now [43, Theorem 4.21 implies that there are two possibilities: either 
(i) g is a complex subalgebra BO(~ dim I’, C) and therefore its action 
in I/ is described by the real form of one of the representations l-7 of 
Table I, or 
(ii) dim V= 16, g=so(l, 7) or 40(3, 5) and the action of gc in vc‘ is 
described by the spinor representation R(cp,) $ R(v~) of the Lie algebra 
D,. 
Since ( , ) = Re( , ), we have ind Q = 4 dim V. 
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Step 5. Suppose that %““n To = (0). Since dim Y,, = dim 3 - 1, the 
space P is one-dimensional and therefore it consists of scalar operators. 
Let us prove that in this case every proper g-invariant complex subspace of 
Vc is totally isotropic. By Theorem 2.9 every such subspace is of the form 
(2.25). Since 
it suffices to prove that every operator Jo 3 satisfying the condition 
j’ = -I is skew-symmetric with respect to the form ( , ). 
Let iZ (1. E R) and jk be respectively the symmetric and the skew-sym- 
metric parts of the operator ,j with respect to the form ( , ). Obviously, 
- I= j' = (I.( +j”)’ = jL2] + (,j”)’ + 2$, 
where the operator ;.‘I+ ( jk)’ is symmetric and 2Ajk is skew-symmetric. It 
follows that ,?‘I+ (j”)‘= -I and 21j” = 0, i.e., i-=0, as required. 
Thus the Lie algebra CJ’ is weakly reducible in Vc. Now Theorem 2.2 
implies that Vc = V, i 1/2, where V, and V, are totally isotropic complex 
subspaces of vc‘ which are invariant and irreducible with respect to 9’ and 
the actions of the Lie algebra gc in V, and V, are contragedient and one of 
them is contained in Table II. Theorem 2.9 implies that the action of CJ in V 
preserves some complex structure and the corresponding complex i.r. of the 
Lie algebra R is equivalent to the representation of g in I’, or in Z’?, while 
the representations of the Lie algebra ~1 in V, and I”, are complex-con- 
jugate. 
Thus in the case being considered the action of g in V is locally transitive 
on Q if and only if it is described by the real form of a complex i.r. of class 
II of the Lie algebra g which is contragredient to its complex conjugate 
representation, and such that the corresponding representation of the Lie 
algebra CJ“ is contained in Table II. The list of all such representations 
which satisfy the condition ind Q > 0 is given in Table II. This completes 
the proof of the theorem in the case (Co. 
Step 6. In the case (/3) we have V= I/, i Vz where V, and V, are 
totally isotropic subspaces of V which are invariant and irreducible with 
respect to the Lie algebra g, and the action of the Lie algebra g in V, is 
contragredient to its action in V, This is proved in the same way as asser- 
tions (i) and (ii) of Theorem 2.2. It follows that 
ind Q = dim V, = dim V, = 3 dim V. 
Let VF be the complex span of the subspace I’, (j = 1,2). Then 
vc‘= IJ’~ + VF where the subspaces VF and V: are totally isotropic with 
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respect to the form ( , )’ and 9“-invariant, while the action of the Lie 
algebra gc in I$’ is contragredient to its action in I’:. 
If the action of go in c is irreducible, then by Theorem 2.2 it is 
described up to the passage to the contragredient action by one of the 
representations of Table II. Thus in this case the action of the Lie algebra g 
in V, or in V, is described by a real i.r. of class I whose complexification is 
contained in Table II. The list of all such representations is given in Table 
XII. 
If the action of g’ (and therefore of 9) in I’: is reducible, then by 
Theorem 2.9 we have dim I’, = 2m and the space V, has a g-invariant com- 
plex structure, i.e., g c gl(m, C), while I’? = W i w where W and l?’ are 
irreducible complex-conjugate complex g-modules, one of which is 
isomorphic to the complex g-module V,. Here 
pc = f/c* = w* $ w* 
2 I 
while W, = W -i- W* and W, = @’ $ w* are nonisotropic g-invariant 
complex subspaces of P. Now Theorem 2.4 combined with the local 
transitivity of go on Qc implies that 9“ ZI g: @ g:‘, where gy z g: = d(m, C) 
or ep(m, C), where the action of the Lie algebra g’,’ in W, ~, is trivial while 
in W, it is described by the corresponding representation from Table III 
( j = 1, 2). Since the real form g of the Lie algebra gc acts effectively in W, , 
we have g 3 go z gy. This proves our theorem in case (8). 
Step 7. The case (‘J). In this case the reductive Lie algebra g’ preserves 
a proper subspace of Vc which is nonisotropic with respect to the form 
(> >’ and is the complex hull of the subspace W, c V. Since the Lie 
algebra gc is locally transitive on Qc, it satisfies the conditions of Theorem 
2.4. Formula (2.24) follows from assertion (iii) of Theorem 2.4 and from 
formula (2.23). The remaining assertions of Theorem 2.8 in this case are 
proved in the same way as the corresponding assertions of Theorem 2.4. 
Theorem 2.8 is proved. 
3. CONNECTION WITH REPRESENTATION THEORY'~ 
In this section we find a criterion of local transitivity of a subgroup 
G c L on a flag manifold L/P in terms of the spectra of representations of 
the group L in the space of regular sections of homogeneous one-dimen- 
sional vector bundles over L/G. Unless stated otherwise, L is a connected 
semisimple complex Lie group and P a parabolic subgroup of the group L 
containing a fixed Bore1 subgroup Bc L. We will only consider subgroups 
Is This section is based on the results of a joint work with E. B. Vinberg [61] 
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of the group L that are closed in the Zariski topology. We assume all 
algebraic varieties to be defined over the field” C. 
3.1. Background Muteriul and Notation 
The space of the representution 8 = Indz x qf the group L induced,from a 
representation x qf a subgroup G c L consists of regular maps ,f of the 
group L into the space of the representation 1 such that .f‘(g1) = x(g),.j(/) 
for all g E G and 1 EL. The action of the group L in the space of the 
representation 0 is defined by the formula 
(et/, ).f I(4 =.f(ll, 1 
for all 1, 1, E L. 
The restriction of a representation p of the group L to the group G c L is 
denoted by Res:; p. 
If p, and p2 are representations of some group Z in spaces I ; and Y 2, 
respectively, then the intertlvining number cx(p,, p?) of representations p, 
and pz is defined to be dim Horn/( Y ;, Y i). 
THEOREM (Frobenius duality). For euer>3 representation p qf the group L 
and ever?> representation 1 of’ (I .&group G c L H*P haoe the equulitJ> 
c,,(p, Indt x) = cG( Res:; 0, x). 
Proof: The proof is similar to the proof of the corresponding theorem 
for finite groups outlined in [35, Sect. 13.1, Problem IO]. 
Let :Y’ be a parabolic subgroup of an algebraic group 9 (not necessarily 
semisimple). The space of every irreducible finite-dimensional represen- 
tation of the group Y contains at most one ./P-invariant line. An 
irreducible finite-dimensional representation p of the group 9 for which 
such a line X does in fact exist is called a ./P-representation. In such case the 
character A: b + C*, defined by the relation p(p) x = il (p) I for all p E :Y 
and .Y E .X, is called the highest it,eight of the ./P-representation p; it deter- 
mines this representation uniquely. (Note that every irreducible linite- 
dimensional representation of the group Y is a &-representation where J 
is the Bore1 subgroup of 2.) 
A parabolic subgroup P c L is called symmetric if for every P-represen- 
tation p of the group L the representation p* is also a P-representation. 
Remark 3.1. It is well known (see, for instance, [62, Exercises follow- 
ing Sect. 91) that if the group L is simply connected then there is an 
automorphism 6 of the group L which preserves B and some Cartan sub- 
lo The theorems of this section are valid over any algebraically closed lield of characteristic 
zero. The proofs are the same as for the field C. 
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group H c B of the group L, and such that for every irreducible represen- 
tation p of the group L the representation p* is equivalent to the represen- 
tation p 0 6. It is easy to see that a parabolic subgroup P c L is symmetric if 
and only if the subgroups P and b(P) are conjugate in L. (The subgroup 
S(P) c L is the opposite parabolic subgroup of P.) Another equivalent 
definition of being symmetric for a parabolic subgroup P c L may be stated 
as follows. It is well known (see, for instance, [S, Sect. 4.31) that every 
parabolic subgroup PC L is conjugate in L to one of the subgroups P, 
where E is some subset of the set d of simple roots of the group L relative 
to the Cartan subgroup H, and P,: is the normalizer in L of the subgroup 
generated by root subgroups of the group L which correspond to positive 
roots whose decomposition into simple roots contains roots from E. (In 
particular, we have B = P, and L = P, .) The subgroup P, is symmetric if 
and only if the set E is invariant under the permutation of the set of simple 
roots defined by the automorphism 6 of the group L. 
Let /i: B --f C* be the highest weight of an irreducible representation p of 
the group L. The left regular representation T of the group L in the space 
C(L] defined by the formula 
(T(l, ).f )(4 =f(l,- ’ 0 
for all I, I, E L and ,f’~ CCL] preserves the subspace 
S,= {,f~c[L] If’(lh)=/i(h)J‘(I) for all IEL and DEB} 
and defines in S, an irreducible representation of the group L con- 
tragredient to p. If A, and /1, are the highest weights of two irreducible 
representations of the group L then S,, S,,: = S,,,, +,,? where /i , + A, 
denotes the character of the group B defined by the formula 
Here if P-representations of the group L are realized in S,, and S,,? then 
the P-representation of the group L is realized in S,, + ,,?. 
3.2. Statement of Results 
THEOREM 3.1. The ,following conditions are equivalent. 
(i) the natural action qf the subgroup G c L on LIP is locully transi- 
tive, 
(ii) for every rational character x: G +C* (=GL(l, C)) and every 
P-representation p of the group L one has the inequality 
CAP, IndY x) d 1. (3.1) 
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IJ; moreover, the subgroup G is reductive and P is symmetric, then both con- 
ditions (i) and (ii) are equivalent to the ,following condition. 
(iii) ,for every P-representation p qf the group L one has the inequality 
c‘&, Indf q) < 1. 
Remark 3.2. The examples below show that both of the requirements 
in the statement of the theorem (that the group G is reductive and the 
parabolic subgroup P c L is symmetric) are essential in order for the last 
assertion of Theorem 3.1 to be true. 
EXAMPLE 1. Let L = SL(n, C) (n 3 4), 
~=p(~~)={(t tl)tSL(n,C)~z~C*, aEC” I, AEGL(n-l,C)], 
G = G(“) = ESL(n,C) /?EC*, BcGL(n-2,C) 
In this case the group G is reductive but the subgroup PC L is not sym- 
metric. All possible P-representations of the group L are the represen- 
tations p,, in the spaces of homogeneous forms of degree Y in n variables. It 
is easy to see that 
C&I,,, Indf q) = c,(Res{; pV, ‘I) = 0 
for all v = 1, 2,..., while 
c,.(p,, Indf fl) = c,(Resh p,, /I) = 2 
EXAMPLE 2. Let 
L=Sp(2n, C)= 
‘(“c i)!-4,, ix: ;> =(-9,; ?)]T 
P = Sp(2n, C) n Pt2”‘, 
In this case the parabolic subgroup P c L is symmetric but the group G is 
not reductive. All possible P-representations of the group L are the 
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representations cr,, in the spaces of homogeneous forms of degree v in 2n 
variables. It is easy to see that 
c~,(~J~, Indy v) = c,(Resi (T,., q) = 0 
for all v = 1, 2,..., while 
cl,(gl, IndE P) = c,(Resk CJ,, p) = 2. 
THEOREM 3.2. Suppose one is given a regular action af the group L on an 
irreducible algebraic variety X. Then the group B acts locally transitively on 
X only lf’ the spectrum af the representation af the group L in the .space 
C[X] is simple. [r’ the variety) X is affine, then this condition is also .s~f~ 
ficient. 
Remark 3.3. The “only if’ part of the theorem was essentially proved in 
[52,64]. Moreover, [52] proved that if the group B acts locally transi- 
tively on X then the group L has only finitely many orbits in X. 
We will give the proof of Theorems 3.1 and 3.2 in the next section; here 
we will point out some of their corollaries. 
COROLLARY 3.1. Every parabolic .suhgroup P, c L acts locally transi- 
tively on every,flag mamfold af the group L. 
Proqf: Corollary 3.1 may be deduced from the finiteness of the Bruhat 
decomposition of the group L (see, for instance, [S]) or from Theorem 3.1 
by the following argument. Let B be the Bore1 subgroup of the group L 
contained in P,. 
By Proposition 0.3 it suffices to prove that the group P, acts locally 
transitively on L/B. It is well known that the space of every irreducible 
finite-dimensional representation of the group L contains exactly one line 
which is invariant under the Bore1 subgroup Bc L. It follows that 
cl,(p, Indf x) = c,(Resk p, x) d 1 
for every B-representation p of the group L and every character x of the 
group B. Now Theorem 3.1 implies that the group B and hence also the 
group P, 1 B acts locally transitively on L/B, as required. 
COROLLARY 3.2. Let H he a parabolic subgroup of the subgroup G c L. 
The action of the group H on L/P is locally transitive if and only tffor every 
H-representation x of the group G and every P-representation p of the group 
L, we have the inequality c,,(p, Indf x*) < 1. 
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Proof By the first assertion of Theorem 3.1 and by Frobenius duality, 
the group H acts locally transitively on L/P if and only if 
c,(Resf, p, 3.) 6 1 
for every P-representation p of the group L and every character 1,: H + C*. 
It is easy to see that if p, and pz are representations of an arbitrary group 
Z then 
L.r(P, 1 Pz) = (‘APT, P?). (3.2) 
Therefore the group H acts locally transitively on L/P if and only if 
for every P-representation p of the group L and every character E. of the 
group H. If u is a nonzero vector in the space of the representation p* of 
the group L such that p*(h) u = i(h) u for all h E H then the H-represen- 
tation with highest weight A of the group G may be realized in the linear 
span of the orbit p*(G) u. Therefore if ). is the highest weight of some 
H-representation x of the group G then 
c,,(j-, Res,L, p*) = c,(x, Resh p*), 
whereas in the contrary case we have 
c,(E,. Resh p*) = 0. 
It follows that the group H acts locally transitively on L/P if and only if 
cG(x, Resh p*) d 1 
for every P-representation p of the group L and every H-representation j! 
of the group G. Using once again the relation (3.2) and Frobenius duality, 
we obtain that the group H acts locally transitively on L/P if and only if 
cL(p, Indf x*) = c,(Res$ p, x*) d 1 
for every P-representation p of the group L and every H-representation x 
of the group G. Corollary 3.2 is proved. 
COROLLARY 3.3. The subgroup G c L is locally transitive on” L/B only 
if the spectrum of the representation qf the group L in the space CCL/G] is 
simple. If the group G is reductive, then this condition is also st(fficient. 
” And therefore on every flag manifold of the group L (see Proposition 0.3) 
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Proof: By Matsushima’s theorem (see 17, Theorem 3.5]), if a subgroup 
G c L is reductive then the quotient space L/G is afline. The “only if” part 
of Corollary 3.2 follows from Remark 0.2 and Theorem 3.2 for X= L/G. 
The sufficiency follows from the same facts when the group G is reductive. 
COROLLARY 3.4. Suppose one is given a regular action qf the group L on 
an irreducible affine algebraic variety M. 
(i) [f the group B acts locally transitively on M, then it acts locally 
transitively on every orbit of the group L in M. 
(ii) If‘ a symmetric parabolic subgroup PC L acts locally transitively 
on M then it acts locally transitively on the closed orbit qf the group L in M. 
Remark 3.4. If L is locally transitive on M then L has only one closed 
orbit in M (see [ 14, p. 1681). 
Proofoj’Corollary 3.4. Let Lfl be an orbit of the group L in A4 and F its 
closure in the Zariski topology. 
(i) We apply Theorem 3.2 to X= M to conclude that every 
irreducible L-module is contained with multiplicity at most one in the 
L-module C[M] and therefore also in its quotient module C[G]. Theorem 
3.2 applied to X= d shows that the group B acts locally transitively on F, 
and therefore also on 0. 
(ii) Let e= I?, y E 0, and let x be a point from the open orbit of the 
group P in M. Denote by L, and L,. the stationary subgroups in L of the 
points x and y, respectively. By the implication (i) * (ii) of Theorem 1.1 
and Remark 0.2 for G = L, and x = q, every irreducible L-module 
corresponding to a P-representation of the group L is contained with mul- 
tiplicity at most one in the L-module C [ M] c C [ L/L ,] and therefore also 
in its quotient module C[O] =C[L/L,.]. By Matsushima’s theorem (see 
[7]), the group L,. is reductive. By the implication (iii)*(i) of Theorem 
3.1 and Remark 0.2 for G = L,., the group P is locally transitive on 
6’ = L/L,. Corollary 3.4 is proved. 
A reductive subgroup G c L is called spherical, and the pair (L, G) a 
spherical pair, if the spectrum of the representation of the group L in the 
space CCL/G] is simple. By Corollary 3.3, this is equivalent to the fact that 
the group G acts locally transitively on L/B. 
A pair (L, G) is called symmetric if the group G coincides with the fixed 
point set of some involutive automorphism of the group L. It is well known 
(see, for instance, [63, Theorem 11) that if (L, G) is a symmetric pair then 
the group G is reductive and acts locally transitively on L/B. Now 
Corollary 3.3 implies the following fact. 
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COROLLARY 3.5 (E. Cartan [ 11, No. 171). Ever). symmetric pair is 
.spherical. 
Remark 3.5. Suppose a pair (L, G) of connected complex Lie groups, 
where L is simple and G reductive, satisfies the inequality (3.1) for u/l 
irreducible representations x of the group G and all irreducible represen- 
tations p of the group L. Then the results of [37] imply that (L, G) is 
either a symmetric pair from the list 
(SL(n, C), S(GL( 1, C) x GL(n - 1, C))), n 2 2, 
and 
(SO(n,C),SO(n-l,C)), n33, nf4, 
or the nonsymmetric pair 
(SW, CL SpW, Cl). 
By Corollary 3.2, only in these three cases does the Bore1 subgroup G act 
locally transitively on L/B. 
3.3 Proqfi of Theorems 
Proof qf Theorem 3.1. Let us define an action of the group L x L by 
automorphisms of the field C(L) by setting 
((a, h) v)(h) = cp(a ‘lb) 
for all a, h, I E L and cp E C(L). It is easy to see that the field C(L/P)‘; of 
rational functions on L/P invariant under the group G is isomorphic to the 
subfield 
C(L)” x p = {cp~C(L)I(g,p)cp=cpforallg~Gandp~P) 
of the field C(L). The results of [49] imply that the group G acts locally 
transitively on L/P if and only if the field C(L/P)” coincides with C, i.e., 
c(L)““p=c. (3.3) 
Suppose that for some character x: G ---f C* and some P-representation p 
of the group L with highest weight ,4 the inequality (3.1) is not satisfied. 
This means that the space of the representation 6, = Indz x contains two 
linearly independent vectors ,f, and f2 such that 
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for all p E P (i = I, 2). Viewing the vectors ,f‘, and ,fz as elements of the field 
C(L) we obtain that 
(8, P),L = x(g) ’ A(P).L 
for all g E G and p E G, i = 1, 2. Therefore 
.f,/f;EC(L)G*P\C, 
which contradicts the equality (3.3). This proves the implication (i) * (ii). 
Now suppose that the action of the group G on L/P is not locally transi- 
tive and therefore C(L)” x ’ # C. 
Denote by ($1, ($h, and ($),. the principal divisor, the zero divisor, 
and the divisor of the poles of the function $ E C(L), respectively. 
Let cp E C(L) G‘x ‘\C. By [46, Theorem 63, the divisor class group of the 
group L is finite. Therefore there is a natural number m and functions ,f’, , 
,fz E C(L) such that 
~n~(cph=(fl) and m.(y), =(.j2). 
Since L is a smooth algebraic variety and (,f‘,), (,fi) 3 0, we have f’, 
.fzEC[L]. Since (@‘)=(.f , / ; .f_) , we may assume that q”’ = ,f’, ,‘fi. multiply- 
ing the function ,f\ if necessary by an invertible element of the algebra 
CCL]. Since the divisors (,/;) are invariant under the action of the group 
Gx P on L, we have 
for all g E G and p E P, where r& is an invertible element of the algebra 
CCL] (i= 1, 2). 
Since the function j’, /,f = y”’ is invariant under the action of the group 
G x P, we have 
for all g E G and p E G. By [SO, Proposition 31, every invertible element in 
the algebra of regular functions on an irreducible algebraic group is 
proportional to some character of this group, and since the group L is 
semisimple, we have t,,, EC* for all g E G and p E P. It is easy to see that 
the map t:GxP+C* defined by the formula Qg, p) = f,?,,, is a 
homomorphism. It follows that for all g E G and p E P we have the equality 
1 ,y.,=xkV A(P)> 
where x and A are characters of the groups G and P, respectively. 
This means that the functions ,f’, and ,f> on L lie in the space of the 
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representation Indf x and are weight vectors relative to the parabolic sub- 
group PC L corresponding to the same weight A. Therefore the 
P-representation of the group L with highest weight A is contained in the 
representation Indz x more than once. This proves the implication 
(ii) * (i). 
Obviously, (ii) implies (iii). Now suppose that the group G is reductive 
and the parabolic subgroup PC L is symmetric, and let us prove that (iii) 
implies (i). 
It was shown above that if the group G does not act locally transitively 
on L/P then there is a P-representation p of the group L with highest 
weight A and linearly independent functions ,f’, , fz E S , such that 
.L(d) = X(R).L(l) 
for all g E G and I E L (i = 1,2), where x is some character of the group G. 
Denote by A* the highest weight of the irreducible representation p* of 
the group L contragredient to p. Since the group G is reductive and 
Resk p* = (Resi p)*, 
there is a function ,~‘ES,,* such that 
f(d) = x(g) ‘.f(O 
for all g E G and 1 E L. The linearly independent functions J’, , ,#i E S , + , * 
are then invariant under the group G and therefore 
c’Jp, Indf q) = c(;( Rest; p, q) 3 2, 
where p is the representation of the group L in the space S, + ,,*. It remains 
to point out that since p is a P-representation, and the parabolic subgroup 
P c L is symmetric, p* is a P-representation and therefore p is also a 
P-representation. Theorem 3.1 is proved. 
Proof’qf Thwrem 3.2. Let r~ (respectively, 6) be the natural represen- 
tation of the group L in the space C(X) (respectively, C[X]). If the spec- 
trum of the representation 6 is not simple, then there are two linearly 
independent functions ,f, , ,fi E C[X] such that 
for all DEB (i= 1,2), where A: B+C * is the highest weight of some 
irreducible representation of the group L. It is obvious that ,f’,/,fi is then a 
a(B)-invariant rational nonconstant function on X. Therefore in this case 
the group B does not act locally transitively on A’. This proves the “only if” 
part. 
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Now suppose that the action of B on X is not locally transitive. By [49] 
there is a a( B)-invariant function cp E C(X)\C. If the manifold X is afline, 
then the field C(X) coincides with the field of fractions of the ring C[X] 
and therefore there are functions ,f, , ,fi E C[X] such that cp =,f’, /f;. Let Y+ 
be the linear span of the orbit U( B),f, Since dim Y < co, it follows by the 
Lie theorem that the space 3’ contains an eigenvector for the group o(B), 
i.e., there are a, E C, h, E B (.j = 1, 2 ,..., N) and a character A: B -+ C* such 
that 
for all h E B, where 
.f, = f U,‘db,)f’,. 
j= I 
Since the function cp = ,f‘, /‘f2 is invariant under the group a(B), we have 
.f, Q(h).f, =h dh).fl 
for all h E B. It follows that ,f, /,fi =,7,/T2 where 
,= I 
Since the function cp =,f, /,T- , IS invariant under the group o(B) we have 
4072 = 4NL 
Since cp =.f,/.T* I$ C, the functions ,I;, and ,T;, are linearly independent. Thus 
the space C[X] contains two linearly independent vectors which are weight 
vectors for the group o^(B) with the same weight A. This implies that the 
spectrum of the representation ti is not simple. Theorem 3.2 is proved. 
APPENDIX: QUASIHOMOGENEOUS DOMAINS ON THE CONFORMAL SPHERE 
Let M be a homogeneous space of a Lie group L. A subset D c M is 
called quasihomogeneous if there is a compact set Fc D and a subgroup 
G c L such that GF= D. The subset D is called homogeneous if the com- 
pact set may be taken to be a single point. 
It is well known [63], [54] that if M is a real projective space and L its 
group of projective transformations, then M has quasihomogeneous 
domains which are not homogeneous. On the other hand, let G be a quasi- 
Fuchsian but not Fuchsian subgroup of the group L of conformal transfor- 
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mations of the Riemann sphere M= S* and let D be a connected com- 
ponent of its region of discontinuity. If the surface D/G is compact then D 
is a quasihomogeneous but not homogeneous domain on S’. 
In this Appendix we construct examples of quasihomogeneous but not 
homogeneous domains in M in the case when M= s” is the n-dimensional 
sphere (n 3 2) and L is the group of its conformal transformations. 
Let V be the (n+2)-dimensional (n> 2) real vector space with a non- 
degenerate symmetric bilinear form ( , ) of type (n + 1, 1) and let 
L = O(V). We set 
K- = {XE VI (x,x)<O}. 
The form ( , ) induces an L-invariant metric of (n + 1)-dimensional hyper- 
bolic space on the domain /1= pr(K- ) and an L-invariant conformal struc- 
ture on the n-dimensional sphere 
Let a~ V with (a, a) = 2. Define the map R,: V+ V by the formula 
R,(x) =x - (a, x) a. 
Then R, is an element of O(V). Consider the system of vectors 
a,, a2,..., aN E V satisfying the following live conditions: 
(a) (a,, a,) = 2, where i= 1, 2 ,..., N;
(b) the following system of equations and inequalities has a nonzero 
solution in V: 
(x, x) = 0, CT a,> ‘co (i= 1, 2,..., N); 
(c) if i#j and (a,, a,) > -2 then (ai, ai) = -2 cos(n/m,,), where 
m,, E (2, 3,... 1; 
(d) the system of vectors a,, a2,...,aN does not break up into two 
nonempty mutually orthogonal subsystems; 
(e) the vectors a,, a, ,..., aN span I’. 
Let G be a subgroup of O(V) generated by the reflections R, = R,, 
(i = 1, 2,..., N). Let F” be some connected component of the set of solutions 
of the system (b), and let F be the closure of the set pr(P) in s”. 
PROPOSITION A.l. [f the vectors a,, a,,..., aN E V satkfll conditions 
(a)-(c) then the set 
GF= u gF 
,qEG 
is a quasihomogeneous but not homogeneous domain in S”. 
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Proof: Obviously, F is a compact polyhedron in s” and its (n - l)- 
dimensional faces Hi are pieces of the spheres 
{pr x 1 (u,, x) = (x, x) = 0). 
If i # j and Hi n H, # @ then 1 (a,, “,)I 6 2 and by condition (c) we have 
(R;R,)“‘IJ = I. 
Now the obvious relation Rf = I (i = 1, 2,..., N) implies (see [ 54, Sect. I]) 
that the quasihomogeneous subset GF is connected and open in S” and 
that 
card{gEGIgFnF#@)<%. (A.1 1 
Let us prove that the domain GF is not homogeneous. Conditions (d) and 
(e) imply that the group G is irreducible in V. By Corollary 3.3 it suffices to 
show that GF# S”. Since the subgroup G c O(V) is irreducible in V, it 
easily follows that the group G is infinite. Now relation (A.l) implies that 
the orbit Gs of an arbitrary point SE F has an accumulation point in S” 
which is not contained in GF. Therefore GF# S”. Proposition A.1 is 
proved. 
PROPOSITION A.2. For every N >, n + 2 there are systems of vectors 
a,, a2 ,..., a,,,~ V sati.f”ing conditions (a))(e). 
Proox Fix a three-dimensional subspace v’ c V such that v’ n K # 0, 
and choose numbers m, , m, ,..., mN E { 2, 3 ,...) so that 
<N-2 
*=I 
(which holds a priori for N 3 5). Then the hyperbolic plane 
n’=nnpr(V’\(O}) 
contains an N-gon with angles n/m,, n/ml,..., rt/mN. This means that the 
subspace v’ c V contains vectors a’, , a;,..., ah satisfying conditions (a), (b), 
and (d), as well as the following condition: 
(c)’ (a(, a,‘) < -2 when j#i, i+ 1 (mod N) and (a:,~:+,)= -2 
cos(x/mi) for i = 1, 2 ,..., N where I& + , = a’, .
Denote by ..k’ the real algebraic variety consisting of N-tuples of vectors 
XI, x2,-., X,E V such that (x,, x,) =2 and (xi, x,, ,) = -2 cos(n/m,) for 
all i = 1, 2 ,..., N where xN + I = x,. It is easy to see that dim ,I bn. N and 
that (a;, a;,..., ah) is a simple point of Jz’. Therefore this point has a 
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neighborhood Q in .4! which is diffeomorphic to Rdlm “. Let x be the 
maximal dimension of the linear span of the vectors x,, x2,..., yN with 
(x, , x2 ,..., xN) E 0). Then 
rzN 6 dim G’ < (d- 2) N + dim Gr,( V). 
It follows that d= n + 2 = dim V. Therefore there is a point 
(u,, a2 ,..., a )~Cfl satisfying conditions (a), (b), (c)‘, (d), and (e). 
Obviously, (c)’ implies (c). Proposition A.2 is proved. 
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